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iZusammenfassung
Die vorliegende Arbeit bescha¨ftigt sich mit der Analyse von elektroschwachen
Strahlungskorrekturen bei hohen Energien. Ein besonderes Augenmerk liegt
dabei auf den Effekten, die diese Korrekturen bei Prozessenverursachen, in
denen massive Eichbosonpaare erzeugt werden. Am Large Hadron Collider
(LHC), der momentan am CERN gebaut wird, wird aufgrund der hohen
Luminosita¨t und einer Schwerpunktsenergie von 14 TeV im Proton-Proton
System, eine Vielzahl von Eichbosonpaaren erzeugt werden. Die hohe Statis-
tik ermo¨glicht die Suche nach neuer Physik, d.h. nach Effekten die mit
dem Standardmodell der Teilchenphysik nicht erkla¨rt werden ko¨nnen. Um
allerdings diese experimentellen Daten entsprechend auswerten zu ko¨nnen,
mu¨ssen die theoretischen Vorhersagen die gleiche Pra¨zision erreichen, wie der
zu erwartende experimentelle Fehler. Es ist bekannt, dass elektroschwache
Korrekturen bei ho¨heren Energien ansteigen, da sie Logarithmen der elek-
troschwachen Skala u¨ber der Energieskala des zugrundeliegenden Prozesses
enthalten. Solche Korrekturen ko¨nnen somit am LHC relevant werden.
Da massive Eichbosonen nur u¨ber die Rekonstruktion ihrer Zerfallspro-
dukte, d.h. die Rekonstruktion von Fermion-Antifermion-Paaren, nachgewie-
sen werden ko¨nnen, bestand der gro¨sste Teil der Arbeit in dieser Dissertation
im Erstellen eines Monte Carlo Programms zur Berechnung von Wirkungs-
querschnitten fu¨r Streuprozesse von zwei nach vier Fermionen. In diesem
Programm sind sowohl die fu¨hrenden logarithmischen elektroschwachen Kor-
rekturen, als auch anomale Drei- oder Viereichbosonkopplungen enthalten.
In dieser Arbeit wird die Konstruktion generischer Matrixelemente zur
Berechnung der zugrundeliegenden Prozesse beschrieben. Es wird aufgezeigt,
welche fu¨hrenden elektroschwachen Korrekturen sich fu¨r diese Prozesse her-
leiten lassen und wie, mit Hilfe der Phase-Space-Slicing-Methode, die einzel-
nen Beitra¨ge zu einer Vorhersage fu¨r physikalische Prozesse zusammengesetzt
werden ko¨nnen. Weiterhin wird die Verwendung des Parton-Modells und
die Renormierung der Partonverteilungen erkla¨rt. Es werden zusa¨tzlich die
Methoden diskutiert, die bei der numerischen Auswertung benutzt wurden,
sowie die Tests, mit denen das Monte Carlo Programm u¨berpru¨ft wurde.
Schliesslich werden einige Observable fu¨r Prozesse mit WZ-, ZZ- oder WW-
Produktion untersucht, wobei sich herausstellt, dass elektroschwache Korrek-
turen A¨nderungen von 10− 25% zu Vorhersagen in niedrigsten Sto¨rungsord-
nung hervorrufen ko¨nnen. Es werden die entsprechenden Verteilungen in
physikalischen Observablen gezeigt, die fu¨r die Suche nach neuer Physik am
LHC relevant sein werden.
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Abstract
The present work is concerned with the analysis of one-loop electroweak
corrections at high energies. Especially we are interested in the effects due
to electroweak corrections in the production of massive gauge-boson pairs at
the Large Hadron Collider (LHC) which is currently built at CERN. The high
luminosity and therefore large statistics as well as a centre-of-mass energy of
14 TeV in the proton–proton rest frame of this new machine will provide us
with the necessary data for new physics searches. However, the theoretical
predictions for the cross sections of particle reactions observed at the LHC
must reach the same accuracy as the expected experimental error. Since
it is known that electroweak corrections increase with the energy due to
logarithms of the electroweak scale over the energy scale of the investigated
process, these corrections will become relevant for the data analysis at the
LHC.
In this PhD thesis we investigate the leading-logarithmic electroweak cor-
rections to massive gauge-boson pair production. Since massive gauge bosons
are unstable they cannot be detected directly, but have to be reconstructed
from the fermion–anti-fermion pairs they decay into. We have constructed a
Monte Carlo program for two-to-four-fermion processes in which we included
the leading-logarithmic corrections to massive gauge-boson production as
well as the anomalous triple- and quartic-gauge-boson couplings.
We describe the construction of generic matrix elements for the processes
we are interested in and explain how the leading electroweak radiative cor-
rections must be applied in particular cases. Then we show how the different
contributions are combined to obtain physical predictions in the framework
of the phase-space slicing method. Furthermore the use of the parton model
and the renormalization of parton-distribution functions is described. We
also give a detailed view of the techniques we used for the numerical imple-
mentation and discuss the checks which were carried out to ensure the cor-
rectness of the program. Finally we investigate the effects of the electroweak
corrections on some particular WZ-, ZZ-, and WW-production processes. We
find that the corrections amount to 10−25% of the lowest order cross sections
for the investigated scenarios. We present the effects due to electroweak cor-
rections in distributions of observables which will be of importance for new
physics searches at the LHC.
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Introduction
With the construction of the Large Hadron Collider (LHC) at CERN it will
become possible to observe collisions of protons at centre-of-mass energies up
to 14 TeV. These high-energy collisions hopefully directly produce unknown
particles (e.g. supersymmetric particles) or show the existence of new physics
by suppression or enhancement of processes that are already known in the
standard model of particle physics. This high-energy regime also enables
the production of more and more particles in the final state. Therefore it is
necessary to have accurate predictions for many-particle final states in the
standard model because such particle reactions are either signals for new
physics themselves or appear as background to the so called new physics
effects in the detectors.
One major class of processes which will be observed in the near future
is the production of massive gauge-boson pairs. Amplitudes for gauge-boson
pair production involve trilinear gauge-boson couplings. Therefore, the corre-
sponding cross sections depend very sensitively on the non-abelian structure
of the underlying theory. For this reason, vector-boson pair production has
found continuous interest in the literature. In the last few years, gauge-boson
self-interactions were directly measured at the Large Electron-Positron col-
lider (LEP) and the Tevatron. Still, up to now the self-couplings have not
been determined with the same precision as other gauge-boson properties,
such as their masses and couplings to fermions. Despite of the high statis-
tics reached at LEP2 in producing W+W− pairs, the resulting limits on
possible anomalous couplings, which parameterize deviations from SM pre-
dictions due to new physics occurring at energy scales of order of tens of TeV,
are not very stringent. The weakness of the LEP2 measurement is that W-
pair-production events were generated at rather modest centre-of-mass (CM)
energies. On the other hand, anomalous gauge-boson couplings cause strong
enhancements in the gauge-boson pair-production cross section especially at
large values of the di-boson invariant mass MV V ′ (V, V
′ = W,Z). A signifi-
cant improvement in the bounds on triple gauge-boson couplings is expected
from measurements at future colliders operating at high energies such as the
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LHC. Therefore, in order to achieve a better precision in the determination
of these couplings, it will be useful to analyse the di-boson production at
hadron colliders at the highest possible CM energies.
The production of gauge-boson pairs already received a lot of attention
at LEP. At the LHC the luminosity will be much higher and this will provide
huge statistics in gauge-boson pair production [1]. With LHC approaching
its goal of an integrated luminosity of 100 fb−1, a large data sample will be
available to start a detailed investigation of the trilinear vertices.
The aim of this work is to give estimates for the electroweak radiative
corrections to di-gauge-boson production processes one expects to observe
at the LHC. Especially for high energies the electroweak corrections get en-
hanced due to correction terms which are proportional to logarithms of the
electroweak scale over the energy scale. The fact that the electroweak (EW)
corrections grow with increasing energy is well known, and analyses of the
general behaviour of the EW corrections at high energies exist since long time
(see for instance Refs. [2, 3]). But only rather recently, a process-independent
recipe for the calculation of leading-logarithmic EW corrections has come
out. This result is given in Refs. [4, 5, 6], where it has been shown that the
leading-logarithmic one-loop corrections to arbitrary EW processes factorize
into the tree-level amplitudes times universal correction factors. These cor-
rections can reach up to 30% of the lowest-order cross section. Therefore
such corrections have to be considered in precision experiments even if the
leading contributions from radiative corrections clearly originate from QCD.
In order to match the experimental precision, theoretical predictions need
to have an accuracy of the order of a few per cent to allow for a decent anal-
ysis of the data. At lowest order, this means taking into account all spin
correlations and finite-width effects. The easiest way to fulfil this require-
ment is to go beyond the production×decay approach by computing the full
processes PP → 4f . The next step consists in a full understanding and con-
trol of higher-order QCD and EW corrections. In the past years, large effort
has gone into accurate calculations of hadronic di-boson production (for a re-
view on the subject see Ref. [1]). The O(αs) QCD corrections to gauge-boson
pair production and decay have been extensively analysed by many authors.
Several NLO Monte Carlo programs have been constructed and cross checked
so that complete O(αs) corrections are now available [7, 8, 9, 10]. QCD cor-
rections turn out to be quite significant at LHC energies. They can increase
the lowest-order cross section by a factor of two if no cuts are applied and
by one order of magnitude for large transverse momentum or large invariant
mass of the vector bosons [11, 12]. By including a jet veto, their effects can
be drastically reduced to the order of tens of per cent [8, 13], but in any
case they have to be considered to get realistic and reliable estimates of total
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cross sections and distributions.
In view of the envisaged precision of a few per cent at the LHC, also a dis-
cussion of EW corrections is in order. For single W- and Z-boson production,
O(α) corrections have been computed taking into account the full QED and
weak contributions [14]. One loop weak corrections have been also investi-
gated for bb¯ and γ/Z+jet hadron-production [15]. By contrast, gauge-boson
pair production at hadron colliders is commonly treated by including only
universal radiative corrections such as the running of the electromagnetic
coupling, and corrections to the ρ parameter. This approach is based on the
belief that the remaining EW corrections (dominated by double-logarithmic
contributions) are not relevant at the LHC just because physical cross sec-
tions decrease strongly with increasing invariant mass of the gauge-boson
pairs, i.e. where EW corrections can be not negligible. However, a first anal-
ysis of the effect of one-loop logarithmic EW corrections on WZ and Wγ
production processes at the LHC [16] has instead demonstrated that O(α)
corrections are of the same order or bigger than the statistical error, when
exploring the large invariant-mass and rapidity region.
Using the method of Refs. [4, 5, 6], we investigate the effect of leading-
logarithmic EW corrections to the hadronic production of W±Z, ZZ, and
W±W∓ pairs in the large-invariant-mass region of the hard process at the
LHC. The simplest experimental analyses of gauge-boson pair production will
rely on purely leptonic final states. Semi-leptonic channels, where one of the
vector bosons decays hadronically, have been analysed at the Tevatron [17]
showing that these events suffer from the background due to the production of
one vector boson plus jets via gluon exchange. For this reason, we show only
results for di-boson production where both gauge bosons decay leptonically
into electrons or muons.
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Chapter 1
Overview
This work is focussed on the electroweak physics which is included in high-
energy processes with gauge-boson pair production. In the proton–proton
collisions at the LHC a large number of the massive electroweak gauge bosons
Z and W± will be produced. Since these gauge bosons are unstable they decay
into a pair of leptons or a pair of quarks. Hence, in the case of the production
of two gauge bosons, a four-fermion final state is observed. In this work we
always assume that this final state at least contains two leptons. In this way
we exclude the pure QCD process with four quarks in the final state.
1.1 Calculations in the parton model
In the LHC experiments two protons P1 and P2 which carry the momenta
pbeam,1 and pbeam,2 collide. Since protons are composite objects we use the
parton model for our calculation. In the parton model we assume that only
one parton (i.e. a quark or a gluon) from each proton is involved in the
reaction that finally leads to the final state observed in the detector. The
full process can be written as
P1(pbeam,1)P2(pbeam,2) → X1X2f3f4f5f6(γ) (1.1)
with X1, X2 denoting the fragments of the colliding protons, which are not
considered in this calculation (see Figure 1.1). The final-state particles we
are interested in are the fermions f3, . . . , f6 and eventually an additional
hard photon γ. The cross section for the production of these particles is
calculated using the parton model. This means, that we consider the particles
f3, . . . , f6(γ) being produced by an interaction of two partons q1 and q2 where
q1 is a quark originating from proton P1 and q2 is a quark originating from
proton P2.
5
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These partons carry certain fractions x1, x2 ∈ [0, 1] of the momenta of the
protons. Therefore the subprocess can be written as
q1(p1, σ1)q2(p2, σ2) → f3(p3, σ3)f3(p4, σ4)f5(p5, σ5)f6(p6, σ6) (γ(pγ, λ)) . (1.2)
Here p1, . . . , p6 denote the momenta of the particles and σ1, . . . , σ6 their
helicities. The momenta of the incoming partons are p1 = x1pbeam,1 and
p2 = x2pbeam,2.
The probability to find the quark q in the proton Pi with momentum
fraction x is described by the parton distribution function Φi,q(Q, x). The
distribution function depends on the factorization scale Q of the underlying
process. The parton distribution functions cannot be calculated theoretically
because in these functions all kinds of non-perturbative QCD effects appear.
Especially for QCD interactions with small momentum transfer the QCD
coupling constant gs becomes large and perturbation theory is not valid any
more. For this reason the parton distribution functions Φi,q(Q, x) must be
measured in an experiment.
The origin of the scale dependence are the QCD corrections that are usu-
ally calculated in the MS scheme. We do not include virtual QCD corrections
for the calculation of the partonic process. Nevertheless a part of the QCD
corrections is included in the parton distribution functions. The details and
our choice for the factorization scale Q are discussed in chapter 5.1. As we
do not include QCD corrections we proceed here with the assumption that
for the time being we can ignore the dependence on the factorization scale
introduced by the parton distribution functions.
In order to get the cross section for the process P1P2 → 4f we have to
convolute the partonic cross section dσq1q2→4f with the structure functions
Φ1,q1(Q, x1) and Φ2,q2(Q, x2). For an anti-quark–quark initial state we have
to take the sum over all anti-quarks q¯1 and all quarks q2:
dσ(s) =
∑
q¯1
∑
q2
1∫
0
dx1
1∫
0
dx2
[
Φ1,q¯1(Q, x1)Φ2,q2(Q, x2)dσq¯1q2→4f(sˆ)
+ Φ1,q2(Q, x1)Φ2,q¯1(Q, x2)dσq2 q¯1→4f(sˆ)
]
. (1.3)
In the case of two quarks or two anti-quarks in the inital state we sum over
all quark or anti-quark pairs q1, q2:
dσ(s) =
∑
q1,q2
1∫
0
dx1
1∫
0
dx2
[
Φ1,q1(Q, x1)Φ2,q2(Q, x2)dσq1q2→4f(sˆ)
]
(1.4)
with the hadronic centre-of-mass energy s = (pbeam,1 + pbeam,2)
2 and the
partonic centre-of-mass energy of the partonic system sˆ = x1x2s.
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Proton
Proton
q1
q2
X1
X2
f3
f4
f5
f6
(γ)
Figure 1.1: Decomposition of the full process in the parton picture
Proton
Proton
q¯1
q2
f3
f4
f5
f6
V1
V2
Figure 1.2: Full process in double-pole approximation
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1.2 Inclusion of radiative corrections
The main aim of this work is the study of the effects of the electroweak radia-
tive corrections to gauge-boson pair production at high energies. Therefore
the leading-logarithmic corrections to the gauge-boson production subprocess
have been implemented in a Monte Carlo program which calculates cross sec-
tions for proton–proton to four fermions. For a suitable choice of cuts on the
momenta of the final-state fermions, the cross section is dominated by the
production of a pair of on-shell gauge bosons as an intermediate state. In
this way the process factorizes into gauge-boson production and gauge-boson
decay as is shown in figure 1.2.
With leading order we denote the cross section which is obtained by the
convolution of a tree-level partonic subprocess with the parton distribution
functions. All fermions are assumed to be massless and hence we put the
fermion masses to zero wherever this is possible. We only keep fermion
masses if they appear in logarithms because here we need them to regularize
mass divergences.
The virtual radiative corrections are calculated to the partonic cross sec-
tion using the double-pole approximation (DPA). In this approximation we
assume that the main contribution to the four fermion production process is
due to diagrams in which two on-shell gauge bosons are produced. In this
case we have two resonant gauge-boson propagators and cut the process into
gauge-boson production and gauge-boson decay as it is indicated in figure
1.2 by the dashed lines. The contributions from Feynman diagrams with
resonant gauge-boson propagators are enhanced by a factor of MV /ΓV for
each resonance in comparison to the contributions with only non-resonant
propagators. Contributions from radiative corrections originating from dia-
grams with non-resonant propagators are formally of order (α/pi)(ΓV /MV )
and should be well below 0.1% compared to the Born contributions. This
argument is only true if we take care that the main contributions are really
given by a the factorized process shown in figure 1.2. In order to stay in a
regime where the DPA is valid we apply appropriate cuts on the phase space
to ensure the presence of an almost on-shell gauge-boson pair. This is not a
limitation to our prediction since the same kind of cuts must also be used in
an experiment in order to identify a gauge-boson production process. The
use of the DPA in the calculation has the advantage that we can calculate
the virtual radiative corrections separately for the production and the decay
process. For a process in DPA we use the momenta k1, k2 and the masses
MV1 ,MV2 for intermediate massive gauge bosons.
For the real radiative corrections we do not use the DPA because it is
difficult to make a proper definition for the splitting into production and
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decay as we have in the virtual case. In the case of the production of charged
gauge bosons we here run into problems if we consider a soft photon emitted
from these intermediate gauge bosons. In this case we might find a close
to on-shell gauge boson which emits a photon and is still almost on-shell.
So it is not clear if this photon should be considered as coming from the
production or the decay process. Instead of the DPA we therefore use the
exact matrix element for 2f → 4fγ to determine the real corrections.
In addition we consider the high-energy limit which means that we make
the following assumptions in the calculation of radiative corrections:
• For all invariants that are not identical to a gauge-boson mass we as-
sume (pi ± pj)2 M2V or (ki ± pj)2 M2V . In this limit we can do an
expansion in terms of mi/
√
s where mi denotes all the masses involved
in the process and s is a shorthand for all large invariants that may
occur.
• At one-loop level we only keep terms that are proportional to mass-
singular logarithms. We denote all double or single logarithms of the
form log(m2i /s) as mass-singular logarithms.
• We restrict ourselves to Born matrix elements that are not mass sup-
pressed. This means that we omit all contributions of the matrix ele-
ments for gauge-boson production which include one longitudinal and
one transverse gauge-boson.
1.3 Outline of the calculation
1.3.1 Splitting into subcontributions
Since we have to deal with different phase spaces the next-to-leading order
cross section σ1 was split into different subcontributions. In general we dif-
ferentiate between virtual corrections and real corrections to the considered
process
σtotal = σBorn + σ1 = σBorn + σvirt + σreal. (1.5)
The virtual corrections emerge from the exchange of virtual particles and the
real corrections emerge from the production of additional photons in the final
state. For the calculation of this subcontibutions different phase spaces are
used. In the following we will denote a cross section σ which is the differential
cross section dσ integrated over an n particle phase space Φn as
σ =
∫
Φn
dσ. (1.6)
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In the case of the Born contributions we take the full four-particle phase
space, for the virtual corrections we use an on-shell projected phase space,
and for the real corrections a five-particle phase space is needed:
σtotal =
∫
Φ4
dσBorn +
∫
ΦDPA4
dσDPAvirt +
∫
Φ5
dσreal. (1.7)
An exact definition of the phase space integrals is given in chapter 1.4. The
integration over the DPA phase space is somewhat more complicated than the
other integrations because the projection on on-shell momenta may not be
unique. If there is more than one possibility to perform an on-shell projection
all these possibilities have to be taken into account. In general two possi-
bilities exist to construct intermediate gauge bosons from the two fermions
and anti-fermions in the final state. We denote these pairs with (fi3 , f¯i4) and
(fi5 , f¯i6) and the corresponding gauge bosons with V1 and V2. Any matrix
element MDPA that uses DPA must be written as a sum over the possibilities
to construct fermion pairs (fi3 , f¯i4). A correct expression for the DPA matrix
element is given by
MDPA =
∑
(fi3 ,f¯i4)
MDPA(fi3 ,f¯i4 ) (1.8)
in which it is implicitly understood that for the evaluation the corresponding
momenta of the phase spaces ΦDPA
4,(fi3 ,f¯i4 )
have to be used. Formula (1.7) still
contains an inconsistency in the cancellation of infrared divergences due to
the use of the DPA. A solution of this problem is given in the next section.
1.3.2 Treatment of infrared and collinear divergences
The virtual corrections to the process PP → 4f involve infrared divergences
as well as so-called collinear divergences. Both kinds of divergences must be
regularized in a proper way. Due to the Bloch-Nordsieck theorem [18] the
infrared divergent parts of a cross section cancel if the additional production
of soft photons is taken into account. We ensure this cancellation in this
calculation by including the process PP → 4f + γ in leading order.
The virtual radiative corrections are treated in DPA to take advantage of
the factorization into gauge-boson production and gauge-boson decay. In this
way also the infrared divergent part of the corrections is calculated in DPA.
Since the process PP → 4f + γ includes the full five-particle phase space we
have to apply the following matching in order to cancel the divergent parts
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in the virtual and real corrections
σtotal =
∫
Φ4
dσBorn +
∫
ΦDPA4
(
dσDPAvirt − dσDPAvirt,sing
)
+
∫
Φ4
dσvirt,sing +
∫
Φ5
dσreal. (1.9)
We subtract the infrared-singular part dσDPAvirt,sing of the virtual corrections
taken in DPA and then add the infrared-singular part dσvirt,sing of the virtual
corrections to the full process PP → 4f . The singular part of the virtual
corrections is only defined up to constant parts so that our approach leads to
an ambiguity within these constant parts, which are shifted from the virtual
to the real corrections. As it is shown in Ref. [19] this ambiguity is of the
order of the uncertainty of the DPA approach and hence can be neglected in
the numerical evaluation. A detailed definition of the singular part dσvirt,sing
is given in chapter 4.2.
1.3.3 Implementation of the gauge-boson width
The width of the gauge bosons W± and Z are formally higher-order contribu-
tions because these are obtained from a Dyson sum which includes radiative
corrections up to infinite order. Anyhow we have to include a width for a
gauge boson with s-channel propagator for a physical prediction. Our calcu-
lation of radiative corrections in DPA requires the fixed-width scheme. For
tree-level processes we have implemented the gauge-boson width in three dif-
ferent ways. These are the fixed-width scheme, the running-width scheme
and the complex-mass scheme:
• In the fixed-width scheme we use an s-channel propagator of the form
PV (k
2) =
1
k2 −M2V + iMV ΓV
. (1.10)
While in a t-channel (i.e. PV (k) with k
2 < 0) we set the width ΓV of
the gauge boson to zero.
• Also in the running width scheme we include only widths for s-channel
propagators. But here the width depends on the particle momentum
PV (k
2) =
1
k2 −M2V + i k2M2
V
MV ΓV
. (1.11)
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• In the complex-mass scheme all gauge-boson masses MV in the prop-
agators and in the couplings are replaced by complex masses M V =√
M2V − iMV ΓV . The propagator of V is defined as
PV (k
2) =
1
k2 −M 2V
, (1.12)
and all couplings have to be replaced with couplings that contain com-
plex masses. Note that also the weak mixing angle θw becomes complex
in this scheme. Therefore the cosine of θw must be defined as
cos2 θw = 1− sin2 θw = MW
MZ
=
M2W − iMWΓW
M2Z − iMZΓZ
. (1.13)
The main drawback of the fixed- and the running-width schemes is the viola-
tion of gauge invariance. The complex-mass scheme does not lead to such a
violation, because it does not change any algebraic cancellations. But in this
scheme also complex counterterms must be introduced due to the complex
masses. A detailed description of the advantages and disadvantages of the
different schemes can be found in Refs. [20, 21].
1.4 Construction of the phase space
To calculate the cross section the integration over the phase space has to be
performed. The volume of the phase space for n particles in the final state
with momenta ki is given by
Φn =
∫ ( n∏
l=1
d3~kl
(2pi)32k0l
)
(2pi)4δ4
(
p1 + p2 −
n∑
l=1
kl
)
. (1.14)
The cross section for the reaction 1 + 2 → 3 + 4 + · · ·+ n is then
σ = (2pi)4
∫ ( n∏
l=3
d3~pl
(2pi)32p0l
)
δ4
(
p1 + p2 −
n∑
l=3
pl
)
dσ(p1, . . . , pn). (1.15)
To perform the phase-space integration for four or five particles in the final
state special techniques must be used. Following the PhD thesis of Markus
Roth [22] a multi-channel Monte Carlo integration is used. This technique
allows to choose particular mappings for the different resonances in the con-
tributing Feynman diagrams according to their special topology. In this way
it is possible to integrate over the complex peaking structure of the integrand
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in the phase space which is necessary to get numerically stable results. In
the Monte Carlo program three different phase spaces are constructed
dΦ4 =
(
6∏
l=3
d3~pl
(2pi)32p0l
)
(2pi)4δ4
(
p1 + p2 −
6∑
l=3
pl
)
, (1.16)
dΦDPA4,(fi3 ,f¯i4)
=
(
6∏
l=3
d3~pl
(2pi)32p0l
)
(2pi)4δ4
(
p1 + p2 −
6∑
l=3
pl
)
×δ ((pi3 + pi4)2 −M2V1) δ ((pi5 + pi6)2 −M2V2) , (1.17)
dΦ5 =
(
7∏
l=3
d3~pl
(2pi)32p0l
)
(2pi)4δ4
(
p1 + p2 −
7∑
l=3
pl
)
. (1.18)
The on-shell projected phase space ΦDPA
4,(fi3 ,f¯i4 )
depends on the fermion pairs
(fi3 , f¯i4) and (fi5 , f¯i6) which are the decay products of the gauge bosons V1
and V2, respectively. In general we can construct two different on-shell pro-
jected phase spaces ΦDPA
4,(f3,f¯4)
and ΦDPA
4,(f3,f¯6)
for the outgoing fermions f3, f¯4, f5, f¯6.
If both fermion pairs (f3, f¯4), (f5, f¯6) and (f3, f¯6), (f5, f¯4) are possible phys-
ical decay products, a separate on-shell projection must be applied for each
of these possibilities.
For example if the final state is given by e−e+νeν¯e there are two possible
on-shell projections. If these particles were produced by the decay of two
massive gauge bosons we find the gauge-boson pair (W−,W+) for the fermion
pairs (e−, ν¯e) and (νe, e+) and the gauge-boson pair (Z,Z) for the fermion
pairs (e−, e+) and (νe, ν¯e).
The same is true for the final state e−3 e
+
4 e
−
5 e
+
6 which only contains electrons
and positrons. Here we have the decay products of two Z-bosons but still
we have to use two different on shell projections because we can construct
two Z-bosons from the fermion pairs (e−3 , e
+
4 ) and (e
−
5 , e
+
6 ) as well as from the
fermion pairs (e−3 , e
+
6 ) and (e
−
5 , e
+
4 ).
1.4.1 Construction of momenta
The momenta for the phase-space integration are constructed using the multi-
channel Monte Carlo approach. In the Monte Carlo integration we replace
the integral over the phase space by an averaged sum over the momenta in
this phase space. The momenta are calculated from a set of random numbers
ri ∈ [0.1] so that the integration over the phase space must be mapped into
an integration over a unit hyper cube r1 . . . rn. This mapping of a set of
momenta to a set of random numbers can be done an many different ways.
However, the integration error we get for the integration over the random
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numbers dr1 . . .drn is considerably lower if the integrand as a function of
r1 . . . rn is almost a constant.
In the multi-channel Monte Carlo approach for each Feynman diagram
contributing to a given process a different mapping is chosen. In this way all
the known resonances in the particle propagators on the internal lines of the
diagram can be taken into account. A mapping is essentially a substitution in
the integration over the phase space. If we write the phase-space integration
as an integration over invariants instead of momenta we get integrals for the
total cross section of the form
σ =
∫ smax
smin
f(s)ds, (1.19)
with some function f(s) = |M|2 which is basically given by a squared matrix
element and may have a complicated peaking structure in the invariant s.
For the Monte Carlo integration we have to use random numbers r ∈ [0, 1].
Therefore we have to find a substitution (mapping) so that
σ =
∫ smax
smin
f(s)ds =
∫ 1
0
f(s(r, smin, smax))
gs(s(r, smin, smax))
dr, (1.20)
with
gs =
(
ds(r, smin, smax)
dr
)−1
. (1.21)
If one knows the peaking structure of f it may be possible to choose a function
s(r, smin, smax) in such a way that the probability density gs mimics the be-
havior of f in the regions where f is large. In this way the integrand f(s)/gs
in the second integral in (1.20) may become an almost constant function
in r. This method is also known as importance sampling and reduces the
numerical error in the Monte Carlo integration considerably. An example
for such a mapping in one dimension is the Breit–Wigner propagator of a
massive gauge boson V with mass MV . A propagator of this type leads to a
cross section σ ∝ 1/ [(s−M 2V ) +M2V Γ2V ]. The invariant s in this example is
the squared momentum of the gauge boson. If we use the function
s(r) = M2V +MV ΓV tan (ymin + r(ymax − ymin)) (1.22)
with
ymin,max = arctan
(
smin,max −M2V
MV ΓV
)
, (1.23)
to map the integration over s on a random number r we find a corresponding
density function
gs(s, smin, smax) =
MV ΓV
(ymax − ymin) [(s−M2V ) +M2V Γ2V ]
. (1.24)
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Thus the factor 1/ [(s−M 2V ) +M2V Γ2V ] in the cross section σ is exactly can-
celed by gs. Due to the cancellation we effectively get an integration over the
constant (ymax − ymin)/(MV ΓV ).
In the multi-channel Monte Carlo method several of these mappings are
used in parallel. This makes it possible to create an effective mapping for a
complicated function like a differential cross section in which we know the
peaking structure of contributions due to single Feynman diagrams, but do
not know the complete peaking structure. In this case we construct mappings
according to each Feynman diagram separately. Let n be the number of
Feynman diagrams contributing to a given process. We can write the cross
section σ which is the integral over the phase space Φ as
σ =
n∑
i=1
αi
∫
f(si(r))
gsi
dr (1.25)
with a set of random numbers r = (r1, . . . , rm) ∈ [0, 1]m and sets si of invari-
ants that are functions of this random numbers. The αi are a priori weights
for the channels i = 1, . . . , n which satisfy
∑n
i=1 αi = 1 and αi > 0. Note
that the actual set of invariants si may vary for different channels i. The
density gsi is given by
1
gsi
=
∣∣∣∣∂si(r)∂r
∣∣∣∣
r=r(si)
. (1.26)
In the Monte Carlo program we introduce an additional random number
r0 ∈ [0, 1] to choose one of the n channels for each integration point:
σ =
∫ 1
0
dr0
n∑
i=1
αiθ(r0 − βi−1)θ(βi − r0)
∫
f(si(r))
gtot
dr, (1.27)
with β0 = 0, βi =
∑i
j=1 αj and the total density gtot =
∑n
i=1 αigsi which gives
the probability to generate the specific phase-space point determined by r0
and r. During the evaluation of this integral the weights αi can be adjusted
to the contributions of the single channels. In this way the calculation of the
integral can be further optimized.
For the partonic process q1q2 → 4f we introduce seven topologies from
which all contributing Feynman diagrams can be constructed by the proper
insertion of fields. The topologies are shown in figure 1.3 and can be assem-
bled by taking the following building blocks:
• Internal propagators.
• Two-to-two processes with a t-channel propagator.
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A B C
D E F
G
Figure 1.3: Topologies for a 2 → 4 particle process
• Decay of one particle into two particles.
Each of these three building blocks is mapped considering the particular
invariants which occur.
In addition to this the parton distribution functions are mapped within
the phase-space generator. This allows to choose suitable mappings for the
topologies F and G in figure 1.3 with an s-channel propagator from the an-
nihilation of the two incoming quarks. Usually this s-channel is not mapped
because it does not play a role in the high-energy regime in which any particle
propagating on this line is far off-shell. But in the case of tree-level calcula-
tions at low energies this propagator might become resonant and therefore a
mapping might be necessary for a stable numerical integration.
In DPA we have to apply an on-shell projection on the generated mo-
menta. In this case it is sufficient to take the topologies A and F from figure
1.3 into account. These are the only topologies in which two resonant gauge
bosons can appear. In DPA we can restrict the calculation to these two
topologies and thus we can take advantage in the numerical integration. By
using just the topologies A and F we have a high probability to generate mo-
menta that are already almost on-shell and the on-shell projection described
in the next section only causes minor changes to these momenta. Further on
we can use the fact that the two s-channel propagators on which we perform
the on-shell projection are already mapped according to the Breit-Wigner
resonance mapping (1.22). There is a cancellation of the propagators in the
squared matrix element with the density functions of the mappings. In DPA
the off-shell momenta must be inserted in the resonant propagators and the
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rest of the matrix element must be evaluated using the on-shell projected mo-
menta. For the topologies A and F the propagators with off-shell momenta
cancel exactly the density functions of the mappings so that the integration
over the phasespace ΦDPA4 becomes independent of the momenta inserted in
these propagators. We use this effect to reduce the integration time for the
integration by inserting only the on-shell projected momenta in these prop-
agators. It is of particular importance here to emphasize that the integrals
over Φ4 and Φ
DPA
4 have the same measure. So the probability densities gs
used in the Monte-Carlo program are identical for these two integrations.
1.4.2 On-shell projection for double-pole approxima-
tion
The construction of on-shell momenta for the gauge bosons in DPA is done
in the following way. In order to construct the process
f1(p1)f2(p2) → V1(k1)V2(k2),
V1(k1) → f3(p3)f4(p4),
V2(k2) → f5(p5)f6(p6) (1.28)
with k21 = M
2
V1
and k22 = M
2
V2
, first a set of momenta p˜1, p˜2, p˜3, p˜4, p˜5, p˜6 is
calculated by the phase-space generator. We keep the incoming momenta
p1 = p˜1, p2 = p˜2 and hence the centre-of-mass p = p˜1 + p˜2 fixed. With
β = p3/p0 we can boost to the centre-of-mass system (CMS) of the subprocess
in which
p0
′
=
p0 − βp3√
1− β2 , ~p
′ = 0,
k˜01
′
=
k˜01 − βk˜31√
1− β2 , k˜
1
1
′
= k˜11, k˜
2
1
′
= k˜21, k˜
3
1
′
=
k˜31 − βk˜01√
1− β2 . (1.29)
The on-shell projected momentum k′1 in this system reads
k01
′
=
p2 +M2V1 −M2V2
2p0′
=
p2 +M2V1 −M2V2
2
√
p2
,
|~k1
′| =
√
k0′1
2 −M2V1 . (1.30)
If we keep the spatial direction of k˜′1 in the CMS the on-shell projected
momentum ~k1
′
is fully determined
~k1
′
=
~˜
k′1
|~k1
′|
| ~˜k′1|
, (1.31)
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and in the laboratory frame we find by boosting back
k01 =
k01
′
+ βk31
′√
1− β2 , k
1
1 = k
1
1
′
, k21 = k
2
1
′
, k31 =
k31
′
+ βk01
′√
1− β2 . (1.32)
The on-shell projected momentum of the gauge boson V2 is k2 = p − k1.
To calculate the momenta for the outgoing fermions p3, p4 and p5, p6 we fix
the direction of p˜3 and p˜5 by keeping the cosines cos θ1, cos θ2 of the angles
between k1, p˜3 and k2, p˜5 fixed:
p03 =
M2V1
2(k01 − |~k1| cos θ1)
, ~p3 = ~˜p3
p03
| ~˜p3|
, p4 = k1 − p3,
p05 =
M2V2
2(k02 − |~k2| cos θ2)
, ~p5 = ~˜p5
p05
| ~˜p5|
, p6 = k2 − p5. (1.33)
1.5 Features of the Monte Carlo program
At tree-level the Monte Carlo program can handle all standard-model pro-
cesses with four leptons or two quarks and two leptons in the final state.
Especially the cross sections for proton–proton to two quarks and a lepton
anti-lepton pair and proton–proton to two anti-quarks and a lepton anti-
lepton pair are included.
The calculations of tree-level cross sections include anomalous triple gauge-
boson couplings for the process PP → 4f and anomalous quartic gauge cou-
plings for the process PP → 4fγ. A description of these couplings can be
found in Refs. [23, 24, 25].
Radiative corrections are implemented using the high-energy limit and
the DPA. In this case only fermion–anti-fermion initial states for the partonic
process have to be considered because only here two resonant gauge-boson
propagators can appear. The corrections include the leading electroweak
logarithms which are defined in chapter 3.2. For the gauge-boson decays
and the non-factorizable part of the corrections only photonic corrections
contribute in the high-energy limit.
For the convolution over the parton densities various possibilities of map-
ping the parton distribution functions are supplied. This allows to choose a
different mapping in the program if a cross section must be evaluated in an
exclusive range for the partonic centre-of-mass energy sˆ. It is also possible
to skip the convolution over parton densities and to use the Monte Carlo
program for evaluating e−e+ or e−e− cross sections.
The possibility exists to define any function in the momenta as an ob-
servable for a histogram. This allows to generate plots for differential cross
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sections like dσ/d
√
sˆ. These histograms are generated separately for subcon-
tributions, like virtual and real corrections, providing a possibility to exam-
ine regions of the phase space in which the radiative corrections may become
large.
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Chapter 2
The matrix elements
There are two independent sets of matrix elements included in the Monte
Carlo program. The first set is given by the generic matrix elements calcu-
lated by Denner, Dittmaier, Roth, and Wackeroth for e+e− → 4 fermions+γ
in Ref. [26]. For the production of four fermions there are only two fundamen-
tal topologies (see fig. 2.1) from which all Feynman diagrams contributing
to a 2f → 4f process can be constructed by permuting the external particles
f1, . . . , f6.
f1
f2
f3
f4
f5
f6(a)
f1
f2
f3
f4
f5
f6(b)
Figure 2.1: The fundamental topologies for 2 → 4 fermions
The second set was especially designed to implement the universal leading-
logarithmic corrections. These matrix elements are only valid in the double-
pole approximation, since they are factorized into gauge-boson pair produc-
tion and gauge-boson decay. The approach chosen to calculate radiative cor-
rections makes use of the Goldstone-Boson Equivalence Theorem (GBET)
according to which matrix elements with two longitudinal gauge bosons are
replaced by matrix elements with corresponding would-be Goldstone bosons.
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f1
f2
V1
V2
f1
f2
Φ1
Φ2
Figure 2.2: Production of gauge-boson pairs
2.1 The matrix elements for f1f2 → f3f4f5f6(+γ)
In the parton picture the we need amplitudes for two fermions to four fermions
or two fermions to four fermions and an additional photon
f1(p1, σ1)f2(p2, σ2) → f3(p3, σ3)f4(p4, σ4)f5(p5, σ5)f6(p6, σ6) (+γ(pγ, λ)) .
(2.1)
In the following section we explain how these amplitudes are constructed.
2.1.1 Four-fermion production
Each Feynman diagram for the process f1f2 → f3f4f5f6 can be related to a
Feynman diagram with six incoming fermions by crossing. In this way we
can express every Feynman diagram by one of the two generic diagrams in
figure 2.1. These generic diagrams are given by the functions
Mσ
′
f1
,σ′
f2
,σ′
f3
,σ′
f4
,σ′
f5
,σ′
f6
V1V2
(p′f1 , p
′
f2, p
′
f3, p
′
f4 , p
′
f5, p
′
f6) =
f1
f2
f3
f4
f5
f6
V1
V2
,
(2.2)
Mσ
′
f1
,σ′
f2
,σ′
f3
,σ′
f4
,σ′
f5
,σ′
f6
V WW (p
′
f1
, p′f2, p
′
f3
, p′f4 , p
′
f5
, p′f6) =
f1
f2
f3
f4
f5
f6
V3
W+
W−
,
(2.3)
which were listed in Ref. [26]. Here p′f1, . . . , p
′
f6
are incoming momenta and
σ′f1 , . . . , σ
′
f6
are the helicities of the particles f1 . . . f2, respectively. We ex-
tended the couplings used in these functions by the corresponding factors
from the Cabibbo–Kobayaschi–Maskawa matrix. In this way the possible
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mixing of quark generations is automatically included in the matrix elements
constructed from this functions. Every Feynman diagram which occurs for
a given 2f → 4f process can be constructed from these two general func-
tions. To describe outgoing particles the helicities must be inverted and the
momenta pi must be replaced by −pi. This is automatically done by multi-
plying them with the particle direction di ∈ {−1,+1} which is set to −1 for
all outgoing particles. The momenta p′f1, . . . , p
′
f6
and helicities σ′f1 , . . . , σ
′
f6
needed in the generic functions read
p′i = dipi, σ
′
i = diσi. (2.4)
In the following we use the particle number i ∈ {1, . . . , 6} as an abbreviation
for the particle momentum pi and the helicity σi. A particular Feynman
diagram can then either be written as
Ma,V1,V2(i1, i2, i3, i4, i5, i6) =
∑
f ′
fi1
fi2
fi3
fi4
fi5
fi6
f ′
V1
V2
(2.5)
or
Mb,V3(i1, i2, i3, i4, i5, i6) =
fi1
fi2
fi3
fi4
fi5
fi6
V3
W+
W−
(2.6)
where the numbers i1, i2, i3, i4, i5, i6 are a permutation of 1, 2, 3, 4, 5, 6. In
this way it is possible to create all processes including six fermions on the
external lines. The sum over the fermions on the internal line in formula (2.5)
is only necessary if fi1 and fi2 are quarks and quark mixing via the Cabibbo–
Kobayaschi–Maskawa matrix is taken into account. In all other cases only
one possibility for the fermion f ′ exists. To build the Feynman diagrams
to a given process it is completely sufficient to consider permutations of
the fermions on the outgoing lines (i.e.fi1 , fi3, fi5) and of the fermions on
the incoming lines (i.e.fi2 , fi4 , fi6). For later use we define a polarization-
dependent matrix element with polarizations σ1, σ2, σ3, σ4, σ5, σ6 as
Mweak± =
∑
{i1,i3,i5}
∑
{i2,i4,i6}
sign({i1, i3, i5})sign({i2, i4, i6})± 1
2
×
[ ∑
V1=W±,Z,γ
∑
V2=W±,Z,γ
Ma,V1,V2(i1, i2, i3, i4, i5, i6)
+
∑
V3=Z,γ
Mb,V3(i1, i2, i3, i4, i5, i6)
]
, (2.7)
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where the two sums run over the permutations of the numbers of outgoing
and incoming fermions. The functions sign({i1, i3, i5}) and sign({i2, i4, i6})
give the sign of the permutations. Note that in this definition Mweak+ contains
all diagrams with a positive permutation of the fermion lines and Mweak− all
diagrams with a negative sign of the permutation. This will turn out to be
a very useful definition as soon as we have to consider the various colour
structures of these diagrams. All diagrams that are not physical, e.g. a
diagram which would include a e−u¯Z coupling, are not taken into account in
these sums. As condition to decide whether a diagram is physical or not we
use the existence of the couplings in the standard model. If within a diagram
one coupling does not exist in the standard model the function Ma,V1,V2 or
Mb,V3 is set to zero.
The squared matrix element in the case of one pair of quarks or no quarks
is
|M2 quarks|2 = 1
4
Ncolour
NavNperm
∑
σ1,...,σ6
|Mweak+ +Mweak− |2 (2.8)
with the colour factor Ncolour = 3 for one quark pair or Ncolour = 1 if there are
no quarks. The factor Nav = 9 takes the average over all colour states in the
case of incoming quarks and the factor Nperm = 2
Nid is the symmetry factor
in the case of Nid pairs of identical particles in the final state. If there are
four quarks, two additional complications must be taken into account. First
the exchange of gluons between two pairs of quarks becomes possible giving
rise to additional Feynman diagrams with gluon exchange. Apart from the
colour matrices in the strong couplings these diagrams can be calculated by
substituting a photon with a gluon, i.e. by dividing out the weak coupling
of the photon and replacing it by the strong coupling of the gluon
Mgluon,V (i1, i2, i3, i4, i5, i6) =
fi1
fi2
fi3
fi4
fi5
fi6
fi1
g
V
+
fi1
fi2
fi3
fi4
fi5
fi6
fi2
V
g
=
αs
αQ(fi1)Q(fi3)
Ma,γ,V (i1, i2, i3, i4, i5, i6)
+
αs
αQ(fi2)Q(fi6)
Ma,V,γ(i1, i2, i3, i4, i5, i6). (2.9)
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Now we define
Mgluon± =
∑
{i1,i3,i5}
∑
{i2,i4,i6}
sign({i1, i3, i5})sign({i2, i4, i6})± 1
2
×
[ ∑
V =W±,Z,γ
Mgluon,V (i1, i2, i3, i4, i5, i6)
]
. (2.10)
Secondly the different colour matrices in the quark lines must be taken
into account, because the diagrams contribute to different colour structures.
Without loss of generality let the four quarks be the fermions f1, f2, f3, f4
with colour indices c1, c2, c3, c4 and f5, f6 be leptons without colour. Fur-
thermore let f1, f3, f5 denote the particles on the lines pointing out of the
diagrams and f2, f4, f6 denote the particles on the lines pointing into the
diagrams. Now there are two possible ways to construct fermion pairs that
couple to gauge bosons:
P1 := (f1, f2)(f3, f4)(f5, f6)
P2 := (f1, f4)(f3, f2)(f5, f6). (2.11)
These two can be distinguished by the signs of the permutations
sign({i1, i3, i5})sign({i2, i4, i6}) = +1, for pairs (f1, f2)(f3, f4)(f5, f6)
sign({i1, i3, i5})sign({i2, i4, i6}) = −1, for pairs (f1, f4)(f3, f2)(f5, f6).
(2.12)
Depending on the pairing of the quarks and if these pairs are connected by
an electroweak gauge boson or a gluon we get four different colour structures
and hence we get four matrix elements
MweakP1 = δc1c2δc3c4Mweak+
MweakP2 = δc1c4δc2c3Mweak−
MgluonP1 =
1
4
λac1c2λ
a
c3c4Mgluon+
MgluonP2 =
1
4
λbc1c4λ
b
c2c3Mgluon− . (2.13)
Here λaij are the Gell-Mann matrices which appear in the couplings of the
gluons. If we average over the colours and spins of the incoming particles
and sum over the different colour and spin states of the outgoing particles
the squared matrix element reads
|M4 quarks|2 = 1
4NavNperm
∑
σ1,...,σ6
∑
c1,c2,c3,c4
∣∣∣MweakP1 +MweakP2 +MgluonP1 +MgluonP2
∣∣∣2 .
(2.14)
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We can use the completeness relations
λaijλ
a
kl = −
2
3
δijδkl + 2δilδjk (2.15)
of the Gell-Mann matrices to sum over the four colour indices c1, c2, c3, c4,
and we find
|M4 quarks|2 = 1
4NavNperm
∑
σ1,...,σ6
[
9
∣∣Mweak+ ∣∣2 + 9 ∣∣Mweak− ∣∣2
+ 2
∣∣∣Mgluon+ ∣∣∣2 + 2 ∣∣∣Mgluon− ∣∣∣2 + 6Re (Mweak+ (Mweak− )∗)
+ 8Re
(
Mweak+ (Mgluon− )∗
)
+ 8Re
(
Mweak− (Mgluon+ )∗
)
− 4
3
Re
(
Mgluon+ (Mgluon− )∗
) ]
(2.16)
for the squared matrix element with four quarks. The case of a matrix
element with six quarks is not considered because it is dominated by pure
QCD. For the consideration of this process the equivalent of formula (2.3)
including a three gluon vertex is needed.
2.1.2 Four-fermion plus photon production
The matrix elements for four-fermion plus photon production have been con-
structed in the same way. For the two fundamental topologies the functions
from Ref. [26] defined as
Mσ
′
f1
,σ′
f2
,σ′
f3
,σ′
f4
,σ′
f5
,σ′
f6
,λ
V1V2
(p′f1 , p
′
f2, p
′
f3, p
′
f4 , p
′
f5, p
′
f6, pγ)
=
f1
f2
f3
f4
f5
f6
V1
V2
+ γ, (2.17)
Mσ
′
f1
,σ′
f2
,σ′
f3
,σ′
f4
,σ′
f5
,σ′
f6
,λ
V WW (p
′
f1 , p
′
f2, p
′
f3, p
′
f4 , p
′
f5, p
′
f6, pγ)
=
f1
f2
f3
f4
f5
f6
V3
W+
W−
+ γ, (2.18)
were used. The expression + γ to the graph in this formulae has to be un-
derstood as a photon line attached to all charged lines in the graph. The
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photon momentum pγ and the polarization λ are always defined for an out-
going photon. Again we use the particle number as an abbreviation for the
momentum and the helicity of the particle and define
Ma,V1,V2γ (i1, i2, i3, i4, i5, i6) =
∑
f ′
fi1
fi2
fi3
fi4
fi5
fi6
f ′
V1
V2
+ γ, (2.19)
Mb,V3γ (i1, i2, i3, i4, i5, i6) =
fi1
fi2
fi3
fi4
fi5
fi6
V3
W+
W−
+ γ. (2.20)
The gluonic matrix element in this case is
Mgluon,Vγ (i1, i2, i3, i4, i5, i6) =
αs
αQ(fi1)Q(fi3)
fi1
fi2
fi3
fi4
fi5
fi6
fi1
γ
V
+ γ
+
αs
αQ(fi2)Q(fi6)
fi1
fi2
fi3
fi4
fi5
fi6
fi2
V
γ
+ γ. (2.21)
For a given polarization σ1, σ2, σ3, σ4, σ5, σ6, λ we can define
Mweakγ,± =
∑
{i1,i3,i5}
∑
{i2,i4,i6}
sign({i1, i3, i5})sign({i2, i4, i6})± 1
2
×
[ ∑
V1=W±,Z,γ
∑
V2=W±,Z,γ
Ma,V1,V2γ (i1, i2, i3, i4, i5, i6)
+
∑
V3=Z,γ
Mb,V3γ (i1, i2, i3, i4, i5, i6)
]
, (2.22)
and
Mgluonγ,± =
∑
{i1,i3,i5}
∑
{i2,i4,i6}
sign({i1, i3, i5})sign({i2, i4, i6})± 1
2
×
[ ∑
V =W±,Z,γ
Mgluon,Vγ (i1, i2, i3, i4, i5, i6)
]
. (2.23)
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Here the colour structure is the same as for the matrix elements without
photon emission. Thus, we can use the same formulae derived for the squared
matrix elements for 2f → 4f :
|Mγ,2 quarks|2 = 1
4
Ncolour
NavNperm
∑
σ1,...,σ6
∑
λ=±
|Mweakγ,+ +Mweakγ,− |2, (2.24)
|Mγ,4 quarks|2 = 1
4NavNperm
∑
σ1,...,σ6
∑
λ=±
[
9
∣∣Mweakγ,+ ∣∣2 + 9 ∣∣Mweakγ,− ∣∣2
+ 2
∣∣∣Mgluonγ,+ ∣∣∣2 + 2 ∣∣∣Mgluonγ,− ∣∣∣2 + 6Re (Mweakγ,+ (Mweakγ,− )∗)
+ 8Re
(
Mweakγ,+ (Mgluonγ,− )∗
)
+ 8Re
(
Mweakγ,− (Mgluonγ,+ )∗
)
− 4
3
Re
(
Mgluonγ,+ (Mgluonγ,− )∗
) ]
. (2.25)
2.2 The matrix elements in double-pole ap-
proximation
f1
f2
V1
V2
(1)
f1
f2
V2
V1
(2)
f1
f2
V1
V2
(3)
Figure 2.3: Diagrams for gauge-boson pair production
The electroweak corrections to the production of gauge bosons have been
implemented in DPA. There are two on-shell gauge bosons produced that
decay into two pairs of fermions. The process is divided into the production
of on-shell gauge bosons and the decay of these bosons (see figure 1.2),
f1(p1, σ1) f2(p2, σ2) → V1(k1, λ1)V2(k2, λ2), (2.26)
V1(k1, λ1) → f3(p3, σ3)f4(p4, σ4), (2.27)
V2(k2, λ2) → f5(p5, σ5)f6(p6, σ6), (2.28)
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where p, k denote the momenta of the particles and σ, λ are the helicities of
the fermions and the polarizations of the gauge bosons, respectively. The
charges of the particles are denoted by Qi for the fermions and by QV1 and
QV2 for the outgoing gauge bosons. For DPA we take all pairs of massive
gauge bosons (i.e. W+W−, W±Z, ZZ) into account. For the electroweak-
radiative corrections we have to consider the mixing of the Z boson with the
γ which leads to matrix elements for W±γ and Zγ production.
2.2.1 Formulae for the DPA matrix elements
In the Weyl–van der Waerden formalism the polarization vectors can be
defined via
ε+,A˙B(k) =
√
2n2,A˙n1,B ,
ε−,A˙B(k) =
√
2n1,A˙n2,B ,
ε0,A˙B(k) =
1
MV
(λ1n1,A˙n1,B − λ2n2,A˙n2,B), (2.29)
where n1(k) and n2(k) are normalized Weyl spinors defined in Ref. [27]. If we
denote the polar angle of the momentum k with θ and the azimuthal angle
with φ these normalized spinors are given by
n1,A =
(
e−iφ cos θ
2
sin θ
2
)
, λ1 = k
0 + |~k|,
n2,A =
(
sin θ
2
−eiφ cos θ
2
)
, λ2 = k
0 − |~k|. (2.30)
A similar spinor is defined for a fermion with light-like momentum pµ by
pA =
√
2p0n1,A. A general four momentum k
µ can be represented as a
matrix KA˙B =
∑
i=1,2 λini,A˙ni,B . For Weyl spinors u, v a spinor product is
defined in this formalism by
〈uv〉 = uAvA = u1v2 − u2v1,
〈uv〉∗ = uA˙vA˙ = (u1v2 − u2v1)∗. (2.31)
To get a general result for all polarization states instead of this polariza-
tion vectors we used
ε′
σ,A˙B
(k1) = φA˙ψB,
ε′
σ,A˙B
(k2) = ηA˙ξB (2.32)
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as a generic form for the two polarization vectors in the calculation of the
matrix elements. In this way we get for the three diagrams in Figure 2.3 the
matrix elements
M′V1V2,1 = −
ie2
t
(
δσ2δτ2C
−
f1V1
C−f2V2 〈p1ψ〉 〈p2η〉
∗ (〈φP2ξ〉 − 〈φK2ξ〉)
+ δσ1δτ1C
+
f1V1
C+f2V2 〈p2ξ〉 〈p1φ〉∗ (〈ψP2η〉∗ − 〈ψK2η〉∗)
)
M′V1V2,2 = −
ie2
u
(
δσ2δτ2C
−
f1V2
C−f2V1 〈p1ξ〉 〈p2φ〉∗ (〈ψP2η〉∗ − 〈ψK1η〉∗)
+ δσ1δτ1C
+
f1V2
C+f2V1 〈p2ψ〉 〈p1η〉∗ (〈φP2ξ〉 − 〈φK1ξ〉)
)
M′V1V2,3 =
ie2
s−M2V3
CV3V1V2
×
[
δσ1δτ1C
+
f1V3
[
〈φη〉∗ 〈ψξ〉 〈p1K1p2〉
+ 〈p1η〉∗ 〈p2ξ〉 (〈p1φ〉∗ 〈p1ψ〉+ 〈p2φ〉∗ 〈p2ψ〉)
−〈p1φ〉∗ 〈p2ψ〉 (〈p1η〉∗ 〈p1ξ〉+ 〈p2η〉∗ 〈p2ξ〉)
]
+ δσ2δτ2C
−
f1V3
[
〈φη〉∗ 〈ψξ〉 〈p1K1p2〉∗
+ 〈p2η〉∗ 〈p1ξ〉 (〈p2φ〉∗ 〈p2ψ〉+ 〈p1φ〉∗ 〈p1ψ〉)
−〈p2φ〉∗ 〈p1ψ〉 (〈p2η〉∗ 〈p2ξ〉+ 〈p1η〉∗ 〈p1ξ〉)
]]
(2.33)
with
〈φQψ〉 := φA˙QA˙BψB, (2.34)
and the usual definitions for the Mandelstam variables s = (p1 + p2)
2,
t = (p1 − k1)2, u = (p1 − k2)2. The numerical values of the coupling con-
stants C±fV can be found in Ref. [28]. The physical matrix element is then
obtained by forming the linear combination given in (2.29). This means
that φ, ψ or η, ξ are replaced by the spinors n1(k), n2(k) and a factor
√
2 or
λi/MV must be applied if the polarization is σ = ± or σ = 0 respectively.
For example inserting the polarization vector for V1 leads to
MV +
1
V2,i
=
√
2M′V1V2,i(φ→ n1(k1), ψ → n2(k1))
MV −
1
V2,i
=
√
2M′V1V2,i(φ→ n2(k1), ψ → n1(k1))
MV 0
1
V2,i =
1
MV1
(
λ1(k1)M′V1V2,i(φ→ n1(k1), ψ → n1(k1))
−λ2(k1)M′V1V2,i(φ→ n2(k1), ψ → n2(k1))
)
. (2.35)
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With (2.35) the matrix element for the gauge-boson production process is
defined as
Mf1f2→V τ11 V τ22 (fi3, f¯i4) =
3∑
i=1
MV τ1
1
V
τ2
2
,i. (2.36)
This matrix element depends on the helicities of the incoming fermions σ1
and σ2 and the polarizations of the produced gauge bosons τ1 and τ2. The
on-shell projection which has to be used in this matrix element is indicated
by the fermion pair (fi3 , f¯i4).
In the calculation of radiative corrections matrix elements for the pro-
duction of scalar particle pairs are needed. These matrix elements arise
from the use of the gauge-boson equivalence theorem in the calculation. The
gauge-boson equivalence theorem tells us that a matrix element including n
longitudinal gauge bosons V L1 . . . V
L
n and m other particles ϕ1 . . . ϕm can be
written as
Mϕ1...ϕmV L1 ...V Ln =
(
n∏
k=1
i
(1−Q′
Vk
)
)
Mϕ1...ϕmΦ1...Φn , (2.37)
in the high-energy limit. Here Φk is the Goldstone boson corresponding to
the gauge boson Vk. The charges Q
′
Vk
of the gauge bosons are considered to
be incoming. However, the longitudinal gauge bosons represent the physical
states which are measured in a detector. Especially in the case of the Born
cross section in DPA it is more convenient to use the matrix elements includ-
ing longitudinal gauge bosons. For this reason we decided to consequently
only use the physical matrix elements. We can now use this to express the
matrix elements involving scalars in the leading-logarithmic electroweak cor-
rections by matrix elements with longitudinal gauge bosons. In this work
all matrix elements with external would-be Goldstone-bosons are used as
shorthands for matrix elements with external longitudinal gauge bosons:
Mf1f2→Φ1Φ2 = i(Q
′
V1
−1)i(Q
′
V2
−1)Mf1f2→V L1 V L2 , (2.38)
Mf1f2→HΦ = i(Q
′
V −1)Mf1f2→HV L. (2.39)
Due to the coupling of the Z boson to the Higgs boson H and the would-
be Goldstone boson χ, matrix elements describing the production of Higgs
bosons also become relevant and must be included. Again we use the physical
longitudinal state of the gauge boson to calculate the matrix element for
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Higgs-boson production
Mf1f2→HV L =
ie2
s−M2V
CV HV
×
[
δσ1δτ1C
+
f1V
(
λ1 〈p1n1〉∗ 〈p2n1〉 − λ2 〈p1n2〉∗ 〈p2n2〉
)
+ δσ2δτ2C
−
f1V
(
λ1 〈p2n1〉∗ 〈p1n1〉 − λ2 〈p2n2〉∗ 〈p1n2〉
)]
(2.40)
with V = W±,Z and λi, ni calculated from the momentum of the involved
gauge boson.
The decay of a gauge boson was treated in the same way as the contri-
butions given in (2.33). Here the generic matrix element is given by
M′V→f1f2 = ie
(
δσ1δτ1C
+
V f1f2
〈p1φ〉∗ 〈p2ψ〉+ δσ2δτ2C−V f1f2 〈p2φ〉∗ 〈p1ψ〉
)
.
(2.41)
Again the physical matrix element is obtained by inserting the proper polar-
ization vector given in (2.29).
2.2.2 Construction of |MDPABorn|2
In general two possibilities exist to group the final-state particles into fermion–
antifermion pairs. For both possibilities different momenta k1 and k2 for the
on-shell projected gauge bosons must be constructed (see chapter 1.4.2). We
denote these fermion pairs by (fi3 , f¯i4) and (fi5, f¯i6) and the sum over these
possibilities as
∑
(fi3 ,f¯i4)
. For the DPA matrix elements depending on the on-
shell projection we introduce
MDPABorn(fi3 , f¯i4) =
∑
τ1,τ2
Mf1f2→V τ11 V τ22 (fi3 , f¯i4)PV1,(fi3 f¯i4)PV2,(fi5 f¯i6 )
×MV τ1
1
→fi3 f¯i4MV τ22 →fi5 f¯i6 (2.42)
with the gauge-boson propagators defined as
PV,(fi,f¯j) =
i
k2 −M2V + iMV ΓV
. (2.43)
The momentum k is given by the sum of the fermion momenta pi3 and pi4.
For the width ΓVj of the gauge boson we use a fixed quantity.
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In the squared Born matrix element in DPA we have to take the sum over
all possible particle pairs (fi3, f¯i4) for the on-shell projection
|MDPABorn|2 =
Ncolour
4NavNperm
∑
σ1,...,σ6
∣∣∣∣∣∣
∑
(fi3 ,f¯i4 )
MDPABorn(fi3, f¯i4)
∣∣∣∣∣∣
2
, (2.44)
where the sum over σ1, . . . , σ6 is the sum over the fermion helicities.
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Chapter 3
Virtual corrections
3.1 Definition of the contributions
The virtual corrections are completely given in DPA. We distinguish between
corrections from the gauge-boson production and the gauge-boson decay and
the non-factorizable corrections. In DPA the next-to-leading-order matrix
element is
δMNLOvirt (fi3 , f¯i4) = δMDPAproduction(fi3 , f¯i4) + δMDPAdecay(fi3 , f¯i4)
+ δMDPAnon−fac(fi3 , f¯i4) (3.1)
with the subcontributions given by
δMDPAproduction(fi3 , f¯i4) =
∑
τ1,τ2
δMf1f2→V τ11 V τ22 (fi3, f¯i4)PV1,(fi3 f¯i4 )PV2,(fi5 f¯i6 )
×MV τ1
1
→fi3 f¯i4MV τ22 →fi5 f¯i6 , (3.2)
δMDPAdecay(fi3 , f¯i4) =
∑
τ1,τ2
Mf1f2→V τ11 V τ22 (fi3 , f¯i4)PV1,(fi3 f¯i4 )PV2,(fi5 f¯i6 )
×
(
δMV τ1
1
→fi3 f¯i4MV τ22 →fi5 f¯i6
+MV τ1
1
→fi3 f¯i4 δMV τ22 →fi5 f¯i6
)
, (3.3)
δMDPAnon−fac(fi3 , f¯i4) =
1
2
δnon−fac
(fi3 ,f¯i4)
MDPABorn(fi3 , f¯i4). (3.4)
The one-loop matrix element δMf1f2→V τ11 V τ22 for the gauge-boson production
process is evaluated in chapter 3.2 and the matrix elements δMV τii →fj1fj2
for the decay of gauge-bosons in next-to-leading order are given in chapter
35
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3.3. The factor δnon−fac
(fi3 ,f¯i4 )
from the non-factorizable corrections is given in chap-
ter 3.4. All corrections were calculated in leading-logarithmic approximation.
The contribution to the total cross section coming from the virtual cor-
rections reads
dσvirt =
1
2sˆ
Ncolour
4NavNperm
∑
σ1,...,σ6
2Re
{( ∑
(fi3 ,f¯i4)
MNLOvirt (fi3 , f¯i4)
)
×
( ∑
(fi3 ,f¯i4)
MDPABorn(fi3 , f¯i4)
)∗}
, (3.5)
The combinatorial factors Ncolour, Nav, and Nperm have been explained in
(2.8).
3.2 Corrections to gauge-boson production
At energies large compared to the electroweak scale (
√
s  MW) the lead-
ing contributions to the electroweak radiative corrections emerge from terms
proportional to α log2(s/M2W), known as Sudakov logarithms [29], and terms
proportional to α log(s/M 2W). We call the quadratic logarithms leading and
the single logarithms next-to-leading. All these terms only depend on tree-
level amplitudes and on the particles on the external legs. In this sense they
are universal for all processes. The leading-logarithmic electroweak correc-
tions to the production of two gauge bosons have been evaluated by Stefano
Pozzorini and Ansgar Denner [30]. They can be written in the form
δM = δLSCM+ δSSCM+ δCM+ δPRM. (3.6)
Here δLSC denotes the contribution of leading soft-collinear corrections and
δSSCM denotes the contribution of the next-to-leading soft-collinear correc-
tions that are angular-dependent. The term δCM contains the collinear
logarithms and the logarithms related to the renormalization of the incom-
ing and outgoing fields. Finally δPRM are the logarithmic corrections that
arise due to parameter renormalization.
The different contributions to the corrections include UV-divergent terms.
These divergent terms can be regularized by dimensional regularization. Us-
ing D instead of 4 dimensions brings in a regularization mass µ which cancels
if all contributions to the virtual corrections are summed. In order to avoid
large logarithms related to µ we set µ2 = s in all following correction terms.
The IR-divergences are regularized by introducing a mass Mγ = λ for the
photon.
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3.2.1 Leading soft-collinear corrections
If we denote a matrix element with n external particles ϕ1 . . . ϕn withMϕ1...ϕn
and the Born matrix element to this process by Mϕ1...ϕn0 the leading soft-
collinear terms factorize in the following form
δLSCMϕ1...ϕn =
n∑
k=1
∑
ϕ′
k
δLSCϕ′
k
ϕk
Mϕ1...ϕ′k ...ϕn0 (3.7)
with
δLSCϕ′
k
ϕk
= − α
8pi
Cewϕ′
k
ϕk
log2
(
s
M2W
)
+ δϕ′
k
ϕk
{
α
4pi
(IZ)2ϕk log
(
s
M2W
)
log
(
M2Z
M2W
)
− 1
2
Q2ϕkL
em(s, λ2,M2ϕk) + δ
LSC,h
ϕk
}
. (3.8)
The explicit values of the constants Cewϕ′
k
ϕk
and (IZ)2ϕk can be found in ap-
pendix A.2. The term Lem contains all logarithms of pure electromagnetic
origin. It is defined by
Lem(s, λ2,M2ϕ) :=
α
4pi
{
2 log
(
s
M2W
)
log
(
M2W
λ2
)
+ log2
(
M2W
λ2
)
− log2
(
M2ϕ
λ2
)}
. (3.9)
There are additional logarithms, denoted by δLSC,hϕk , that only occur if one of
the external particles ϕk is a heavy quark like t, b or a Higgs boson H or a
longitudinal gauge boson. Since we consider all external fermions as massless
these terms are only taken into account for longitudinal gauge bosons. Since
longitudinal gauge bosons are replaced by their corresponding Goldstone-
bosons, these terms read
δLSC,hχ =
α
4pi
1
4s2wc
2
w
log2
(
M2H
M2Z
)
, (3.10)
δLSC,hH =
α
4pi
[
1
4s2wc
2
w
log2
(
M2H
M2Z
)
+
1
2s2w
log2
(
M2H
M2W
)]
, (3.11)
δLSC,hφ± =
α
4pi
1
4s2w
log2
(
M2H
M2W
)
. (3.12)
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In terms of the gauge-boson production process this gives for transverse gauge
bosons
δLSCMf1f2→V T1 V T2 (fi3 , f¯i4) =
(
δLSCf1f1 + δ
LSC
f2f2
+ δLSCV1V1 + δ
LSC
V2V2
)
×Mf1f2→V T1 V T2 (fi3 , f¯i4)
+ δV1Zδ
LSC
AV1
Mf1f2→AV T2 (fi3 , f¯i4)
+ δV2Zδ
LSC
AV2Mf1f2→V T1 A(fi3 , f¯i4), (3.13)
and for longitudinal gauge bosons
δLSCMf1f2→V L1 V L2 (fi3 , f¯i4) =
(
δLSCf1f1 + δ
LSC
f2f2
+ δLSCΦ1Φ1 + δ
LSC
Φ2Φ2
)
×Mf1f2→Φ1Φ2(fi3 , f¯i4), (3.14)
where Φ1 and Φ2 denote the Goldstone bosons corresponding to V
L
1 and V
L
2 ,
respectively.
3.2.2 Subleading soft-collinear corrections
The subleading soft–collinear corrections contain angular-dependent terms.
Their general form therefore must be written as a sum over pairs of external
legs
δSSCMϕ1...ϕn =
n∑
k=1
∑
l<k
∑
V a=A,Z,W±
∑
ϕ′
k
,ϕ′
l
δV
a,SSC
ϕ′
k
ϕkϕ
′
l
ϕl
Mϕ1...ϕ′l...ϕ′k...ϕn0 . (3.15)
In the case of two incoming fermions f1, f2 and two outgoing gauge bosons
V1, V2 this correction can be written as
δSSCMf1f2→V1V2 =
α
2pi
∑
V =A,Z,W±
∑
f ′,V ′
[
log
(
s
M2W
)
+ log
(
M2W
M2V
)]
×
{
log
( |t|
s
)[
CV¯ f¯ ′f1CV V ′V¯1Mf ′f2→V ′V2 + CV¯ f¯ ′f2CV V ′V¯2Mf1f ′→V1V ′
]
+ log
( |u|
s
)[
CV¯ f¯ ′f1CV V ′V¯2Mf ′f2→V1V ′ + CV¯ f¯ ′f2CV V ′V¯1Mf1f ′→V ′V2
]}
,
(3.16)
with s = (p1 +p2)
2, t = (p1−k1)2, and u = (p1−k2)2. The symbol V¯ denotes
the anti-particle of the gauge boson V . The Couplings CV¯ f¯ ′fi and CV1V2V¯3
are given in appendix A.1. Note that in order to use these couplings in the
form they are given here or in Ref. [28] the particle fi must be a fermion. If
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fi is an anti-fermion the coupling must be complex conjugated and gets an
additional factor of −1. The same holds for the coupling CV1V2V¯3 which is
antisymmetric in the three indices V1, V2 and V¯3. Here V1 must be a neutral
particle and V2, V3 a particle–anti-particle pair in order to use the formula in
Ref. [28].
In case of the exchange of a neutral gauge boson in the loop the quantum
numbers of the emitting fermion fi in the initial state and the quantum num-
bers of the corresponding gauge boson Vj in the final state are not changed
and f ′ = fi and V ′ = Vj. In the case of V = W± there is only a contribution
if f ′ has the opposite isospin as fi and V ′ is the gauge boson with the match-
ing charge for the process. When we have a diagonal CKM matrix and f ′i
denotes the isospin partner of fi and V
′
i substitutes Vi the sum over f
′ and
V ′ can be carried out and we get for neutral gauge bosons V in the loop and
transverse gauge bosons in the final state
δSSCneutralMf1f2→V T1 V T2 =
α
2pi
∑
V =A,Z
[
log
(
s
M2W
)
+ log
(
M2W
M2V
)]
×
{
log
( |t|
s
)[
CV¯ f¯1f1CV V1V¯1 + CV¯ f¯2f2CV V2V¯2
]
+ log
( |u|
s
)[
CV¯ f¯1f1CV V2V¯2 + CV¯ f¯2f2CV V1V¯1
]}Mf1f2→V T1 V T2 (3.17)
and for charged gauge bosons V in the loop and transverse gauge bosons in
the final state
δSSCchargedMf1f2→V T1 V T2 =
α
2pi
∑
V =W±
log
(
s
M2W
)
×
{
log
( |t|
s
)∑
f ′
1
CV¯ f¯ ′
1
f1
CV V ′
1
V¯1Mf ′
1
f2→V T1
′
V T
2
+ log
( |t|
s
)∑
f ′
2
CV¯ f¯ ′
2
f2
CV V ′
2
V¯2Mf1f ′2→V T1 V T2 ′
+ log
( |u|
s
)∑
f ′
1
CV¯ f¯ ′
1
f1
CV V ′
2
V¯2Mf ′
1
f2→V T1 V T2
′
+ log
( |u|
s
)∑
f ′
2
CV¯ f¯ ′
2
f2
CV V ′
1
V¯1Mf1f ′2→V T1 ′V T2
}
.
(3.18)
The sums over the particles f ′1 and f
′
2 only include particles which couple
via a W boson to f1 or f2, respectively. The corrections to longitudinal
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gauge bosons are treated using the Goldstone-boson equivalence theorem,
i.e. all longitudinal gauge bosons are replaced by the corresponding Goldstone
bosons (Z → χ,W± → φ±). Due to the ZHχ coupling matrix elements
including a Higgs boson in the final state also contribute. In this case the
two contributions to δSSC read
δSSCneutralMf1f2→V L1 V L2 = i((1−QV1 )+(1−QV2 ))δSSCneutralMf1f2→S1S2
= i((1−QV1 )+(1−QV2 ))
α
2pi
∑
V =A,Z
∑
S′=χ,H,φ±
[
log
(
s
M2W
)
+ log
(
M2W
M2V
)]
×
{
log
( |t|
s
)[−CV¯ f¯1f1CV S′S¯1Mf1f2→S′S2 − CV¯ f¯2f2CV S′S¯2Mf1f2→S1S′]
+ log
( |u|
s
)[−CV¯ f¯1f1CV S′S¯2Mf1f2→S1S′ − CV¯ f¯2f2CV S′S¯1Mf1f2→S′S2]
}
,
(3.19)
δSSCchargedMf1f2→V L1 V L2 = i((1−QV1 )+(1−QV2 ))δSSCchargedMf1f2→S1S2
= i((1−QV1 )+(1−QV2 ))
α
2pi
∑
V =W±
∑
S′=χ,H,φ±
log
(
s
M2W
)
×
{
− log
( |t|
s
)∑
f ′
1
CV¯ f¯ ′
1
f1
CV S′S¯1Mf ′1f2→S′S2
− log
( |t|
s
)∑
f ′
2
CV¯ f¯ ′
2
f2
CV S′S¯2Mf1f ′2→S1S′
− log
( |u|
s
)∑
f ′
1
CV¯ f¯ ′
1
f1
CV S′S¯2Mf ′1f2→S1S′
− log
( |u|
s
)∑
f ′
2
CV¯ f¯ ′
2
f2
CV S′S¯1Mf1f ′2→S′S2
}
.(3.20)
Again in the sums over f ′1 and f
′
2 just particles are taken into account which
couple to f1 or f2 via a W
± boson.
3.2.3 Collinear Logarithms
In this contribution two different kinds of corrections are summed up. The
first are mass-singular logarithms which occur if a virtual gauge boson is
emitted collinear to one of the external legs and the second arises from the
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renormalization of the asymptotic fields which gives corrections to the par-
ticle wave functions and the Goldstone-boson equivalence theorem.
Since the collinear corrections and the corrections due to the renormal-
ization of the wave-functions factorize to the same Born matrix elements we
can put these contributions together in one correction factor
δCMϕ1...ϕn =
n∑
k=1
∑
ϕ′
Mϕ1...ϕ′k...ϕn0 δCϕ′
k
ϕk
(3.21)
with
δCϕ′
k
ϕk
=
(
δWFϕ′
k
ϕk
+ δcollϕ′
k
ϕk
)∣∣∣
µ2=s
. (3.22)
In the case of massless fermions on the external legs this contribution is
diagonal in f ′k, fk:
δCfσfσ =
α
4pi
[
3
2
Cewfσ log
(
s
M2W
)
+Q2f
(
1
2
log
(
M2W
m2f
)
+ log
(
M2W
λ2
))]
.
(3.23)
For the collinear correction factors to gauge bosons we have to distinguish
between transverse and longitudinal gauge bosons. For transverse gauge
bosons a mixing between the Z and the photon A exists. Together with the
diagonal contribution this gives the five different factors
δCWTWT =
α
4pi
[
19
12s2w
log
(
s
M2W
)
+ log
(
M2W
λ2
)
+
M2W
24s2wM
2
W
log
(
M2H
M2W
)
+
1
2s2w
log
(
m2t
M2W
)]
, (3.24)
δCZTZT =
α
4pi
[
19− 38s2w − 22s4w
12s2wc
2
w
log
(
s
M2W
)
+
M2Z
24s2wM
2
W
log
(
M2H
M2W
)
+
9− 24s2w + 32s4w
36s2wc
2
w
log
(
m2t
M2W
)]
, (3.25)
δCAA =
α
4pi
[−11
6
log
(
s
M2W
)
+
8
9
log
(
m2t
M2W
)
− 1
2
∆α(M2W)
]
, (3.26)
δCAZT =
α
4pi
[
− 19 + 22s
2
w
6swcw
log
(
s
M2W
)
+
16s2w − 6
9swcw
log
(
m2t
M2W
)]
, (3.27)
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δCZTA = 0. (3.28)
Here
∆α(M2W) =
α
3pi
∑
f 6=t
NfcolourQ
2
f log
(
M2W
m2f
)
(3.29)
is used to describe the running of α from zero to the electroweak scale. In
the case of longitudinal gauge bosons the correction factor is diagonal and
the explicit terms for W± and Z read
δCWLWL =
α
4pi
[
1 + 2c2w
2s2wc
2
w
log
(
s
M2W
)
− 3
4s2w
m2t
M2W
log
(
s
m2t
)
+ log
(
M2W
λ2
)
+
M2W
8s2wM
2
W
log
(
M2H
M2W
)]
, (3.30)
δCZLZL =
α
4pi
[
1 + 2c2w
2s2wc
2
w
log
(
s
M2W
)
− 3
4s2w
m2t
M2W
log
(
s
m2t
)
+
M2Z
8s2wM
2
W
log
(
M2H
M2W
)]
. (3.31)
The contribution to the gauge-boson-production matrix element is in the
case of transverse gauge bosons
δCMf1f2→V T1 V T2 =
(
δCf1f1 + δ
C
f2f2
+ δCV T
1
V T
1
+ δCV T
2
V T
2
)
Mf1f2→V T1 V T2
+δV1Zδ
C
AV T
1
Mf1f2→AV T2
+δV2Zδ
C
AV T
2
Mf1f2→V T1 A, (3.32)
and in the case of longitudinal gauge bosons
δCMf1f2→V L1 V L2 =
(
δCf1f1 + δ
C
f2f2
+ δCV L
1
V L
1
+ δCV L
2
V L
2
)
Mf1f2→V L1 V L2 .(3.33)
3.2.4 Logarithms from Parameter Renormalization
The parameter renormalization gives rise to so-called counterterm diagrams.
In dimensional regularization they depend on the parameter µ which has
the dimension of a mass. This dependence on µ cancels the contributions
from the loop diagrams, because this dependence is directly related to the
ultraviolet divergences which have to cancel at every loop order. As before
we choose µ2 = s to avoid large logarithms.
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The general form of this contributions to the matrix element M is given
by
δPRMϕ1...ϕn =
∑
λi
∂Mϕ1...ϕn0
∂λi
δλi
∣∣∣∣∣
µ2=s
(3.34)
where the different parameters are denoted by λi and their counterterms
by δλi = λi,0− λi. The counterterms depend on the explicit renormalization
conditions which determines a set of independent parameters. We here choose
the set
λi = e, cw, hH, ht, (3.35)
which are the electrical charge e, the cosine of the Weinberg angle cw =
MW/MZ and the two mass ratios hH = M
2
H/M
2
W and ht = mt/MW. We
want to apply this to the production of two gauge bosons where the Born
amplitude can be written as
Mf1f2→V T1 V T2 = + (3.36)
for the transverse gauge bosons and
Mf1f2→V L1 V L2 = i(1−QV1 )+(1−QV2 ) (3.37)
for longitudinal gauge bosons. The counterterm diagrams therefore can be
expressed via
Mcountertermf1f2→V T1 V T2 = + + + (3.38)
and
Mcountertermf1f2→V L1 V L2 = i
(1−QV1 )+(1−QV2 )

 +

 . (3.39)
The small box denotes the counterterm coupling to the coupling ieCϕ1ϕ2ϕ3
which is defined as
=
∑
λi
(
∂
∂λi
ieCϕ1ϕ2ϕ3
)
δλi
= (ieCϕ1ϕ2ϕ3)
δe
e
+
(
ie
∂Cϕ1ϕ2ϕ3
∂cw
)
δcw. (3.40)
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Here only derivatives with respect to e and cw are taken, because none of
the couplings which occur in the considered processes depends on the mass
ratios hH or ht. For the renormalized electric charge the counterterm is given
by
δe
e
=
1
2
[
− α
4pi
(
−11
3
)
log
(
s
M2W
)
+ ∆α(M2W)
]
. (3.41)
and for the cosine of the Weinberg angle we get the counterterm
δc2w
c2w
=
α
4pi
[
sw
cw
(
−19 + 22s
2
w
6swcw
)
log
(
s
M2W
)
+
5
6c2w
log
(
M2H
M2W
)
− 9 + 6s
2
w − 32s4w
18s2wc
2
w
log
(
m2t
M2W
)]
. (3.42)
Finally δcw is given by
δcw =
1
2
δc2w
cw
. (3.43)
3.3 Corrections to gauge-boson decay
The radiative corrections to the gauge-boson decay yield no large logarithms
from Z or W± exchange in loop diagrams. Hence it is sufficient to take only
the photonic part of the one-loop corrections into account. For massless
fermions this correction turns out to be proportional to the Born matrix
element. The correction is therefore given as a factor δZff¯ , δWf1f2 for the
decay of a Z boson or a W boson, respectively. The matrix element for the
decay in leading-logarithmic approximation is
δMV τ→ff¯ = δV ff¯MV τ→ff¯ (3.44)
with the correction factors given in the leading logarithmic approximation
for V = Z and V = W± by
δZff¯ =
α
4pi
Q2f
[
−2 log λ
2
m2f
+ log2
m2f
λ2
− log2 M
2
Z
λ2
+ 3 log
M2Z
m2f
]
+
1
2
∆α(M2Z), (3.45)
δWf1f¯2 =
α
4pi
[
− 1
2
(Q2f1 +Q
2
f2
) log2
M2W
λ2
+
1
2
Q2f1 log
2
m2f1
λ2
+
1
2
Q2f2 log
2
m2f2
λ2
+ (Qf2 −Qf1)2 log
M2W
λ2
+Q2f1 log
m2f1
λ2
+Q2f2 log
m2f2
λ2
+
3
2
Q2f1 log
M2W
m2f1
+
3
2
Q2f2 log
M2W
m2f2
]
+
1
2
∆α(M2W). (3.46)
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3.4 Non-factorizable corrections
The non-factorizable corrections arise from the Feynman diagrams shown in
figure 3.1. The explicit form of these corrections is given in Refs. [19, 31, 32].
The non-factorizable corrections are calculated in the leading-logarithmic ap-
mf ′ ff ′ if
mm′ im mf
mm
Figure 3.1: Diagrams contributing to the non-factorizable corrections
proximation. They only include photonic contributions. The non-factorizable
photonic corrections are proportional to the lowest-order cross-section in
DPA. Therefore the factor δvirtnfact given in formula (3.5) is
δnon−facvirt =
α
pi
Re
[
∆virtmf′ + ∆
virt
ff′ + ∆
virt
if + ∆
virt
mm′ + ∆
virt
im + ∆
virt
mf + ∆
virt
mm
]
(3.47)
where the corrections contained in ∆virtmf′ , ∆
virt
ff′ , ∆
virt
if , ∆
virt
mm′, ∆
virt
im , ∆
virt
mf and
∆virtmm arise from diagrams of the seven different types shown in figure 3.1.
The actual expressions for these terms can be found in Appendix B.2. Using
the abbreviations ∆1 and ∆2 and conservation of charge we can put the
non-factorizable corrections in the form
δnon−facvirt =
α
pi
(
−
4∑
i=3
6∑
j=5
QiQjθd(i)θd(j)Re{∆1(k1, pi, k2, pj)}
+
2∑
n=1
4∑
i=3
QnQiθd(n)θd(i)Re{∆2(pn, k1, pi)}
+
2∑
n=1
6∑
j=5
QnQjθd(n)θd(j)Re{∆2(pn, k2, pj)}
)
. (3.48)
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Here we used the functions θd to determine the correct sign. The function
θd(i) is defined to be 1 if the line of the fermion i points towards the diagram
and −1 otherwise. We denote the momenta of fermions with p1 . . . p6 and the
momenta of the two gauge bosons with k1, k2. In the high-energy limit we
assume M2W/s → 0, for any kinematical invariant s, which is not fixed to a
certain mass value like s34 = (p3 + p4)
2 = M2V after on-shell projection. If we
apply these simplifications to the non-factorizable corrections we find rather
simple expressions for the quantities ∆1 and ∆2. Only one loop integral
remains which still contains dilogarithms:
∆1(k1, pi; k2, pj) =
1
2
(sij s¯− sˆ1j sˆ2i)
×Dhe0 (−k2 + pj, k1 + pj, pi + pj, mj,M2,M1, mi)
+ log
(
(k22 −M
2
2)M1
(k21 −M
2
1)M2
)
log
sˆ2i
sˆ1j
+
[
2 + log
sij
s¯
] [
log
λM2
M
2
2 − k22
+ log
λM1
M
2
1 − k21
]
,(3.49)
∆2(pn, kl, pj) = 2 log
λMl
M
2
l − k2l
[
log
tˆnl
tnj
− 1
]
. (3.50)
The invariants are defined as sˆnj = (kn +pj)
2, tˆij = (ki−pj)2, sij = (pi +pj)2,
tij = (pi − pj)2 and s¯ = s12 = (p1 + p2)2 and have to be calculated using
the appropriate on-shell projected momenta. For the calculation of the Dhe0
function also the on-shell projected momenta have to be used. The masses
Ml =
√
M2l − iMlΓl are the complex masses of the gauge bosons and the
corresponding squared momenta k2l are calculated from the original set of
momenta without performing an on-shell projection. The function Dhe0 is the
loop integral occurring in the ∆virtff ′ part of the non-factorizable corrections
taken in the high-energy limit. It is given by
Dhe0 = D
he
0 (−k2 + pj, k1 + pj, pi + pj, mj,M2,M1, mi)
= − 1
sˆ1j sˆ2i − s¯sij
×
[
Li2
(
−M1M2
sˆ2i
+ iε,−x1
)
+ Li2
(
−M1M2
sˆ1j
+ iε,− 1
x2
)
− Li2
(
−M1M2
s¯
+ iε,−x1
)
− Li2
(
−M1M2
s¯
+ iε,− 1
x2
)
−
[
log
sˆ2i + iε
sij + iε
+ log
sˆ1j + iε
s¯+ iε
]
[log(−x1)− log(−x2)]
]
, (3.51)
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with
Li2(x, y) = Li2(1− xy) + [log(xy)− log(x)− log(y)] log(1− xy),
x1 =
(sˆ2i − sij)z
M1M2
(1− iεsij(sˆ1j − sij)) ,
x2 =
M1M2
(sˆ1j − sij)z (1 + iεsij(sˆ2i − sij)) ,
z =
sˆ1j sˆ2i − s¯sij
(sˆ1j − sij)(sˆ2i − sij) . (3.52)
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Chapter 4
Real corrections
The real corrections arise from the emission of additional photons in the
2f → 4f process. If the energy of these photons is small or the angle to
the nearest fermion is small these photons cannot be measured in a detec-
tor. Hence the contributions of such photons must be added to the total
cross section for the four-fermion production process. Furthermore the con-
tributions of such additional photons become singular at the borders of the
phase space. This leads to infrared singularities for photon energies Eγ → 0
and collinear singularities for small angles θγf between the photon and the
fermions. According to the Bloch–Nordsieck theorem [18] the infrared singu-
larities have to cancel between real and virtual corrections. To regularize the
infrared singularities we use a small photon mass λ and for the regularization
of the collinear divergences we introduce masses mf for the fermions. If our
observables are inclusive enough the dependence of the real corrections on
this fermion masses cancels for fermions in the final state with the corre-
sponding contribution from the virtual corrections [33]. One way to perform
these cancellations numerically is the phase space-slicing method described
in the following section.
4.1 Phase-space slicing
In the phase-space-slicing method the regions of the phase space, where the
amplitude for 2f → 4f + γ gets singular are treated separately. In these
parts we can integrate out the contribution of the photon using regulators
for the divergences.
In order to separate the divergent parts from the regular part we define
an energy cut ∆E parameterized by δs and an angular cut parameterized by
δc for the photon. The energy cut is defined in the centre-of-mass frame of
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the partonic subprocess as
Eγ > ∆E = δs
√
sˆ
2
= δs
√
(p1 + p2)2
2
. (4.1)
The separation of the collinear part is done using the smallest angle θγf of the
photon with a charged fermion f again defined in the centre-of-mass frame of
the partonic subprocess. With these cuts the phase space Φ5 for 2f → 4fγ
can be separated in three different regions
Φfinite = Φ5(Eγ > ∆E, cos θγf < 1− δc | ∀f with Qf 6= 0), (4.2)
Φsoft = Φ5(Eγ < ∆E), (4.3)
Φcoll = Φ5(Eγ > ∆E, cos θγf > 1− δc | f with Qf 6= 0). (4.4)
The disadvantage of this method is that one still has to integrate over
dσ2f→4fγ in phase-space regions close to the singularities in order to avoid
the errors introduced by using an approximation for small photon energies
and collinear photons. The errors O(δs) and O(δc) caused by the use of an
approximation for the singular parts must be adjusted to be below the in-
tegration error of the integration over the finite part dσreal. The smaller we
choose δs and δc the more accurate our calculation becomes in terms of using
an approximation. But on the other hand we get larger integration errors
in the integration over the finite part
∫
Φfinite
dσreal and therefore need much
more computer time to reduce this numerical error.
4.1.1 Phase-space slicing with collinear cuts
For sufficiently small values of δs and δc the singular part of the squared
amplitude for 2f → 4fγ can be written as a factor to or a convolution
over the squared Born amplitude for 2f → 4f . For small values of δs and
δc the sum of the cross section dσreal for the integration over Φfinite and the
approximated cross sections dσsoft and dσcoll for the integration over Φsoft and
Φcoll is independent of the energy cut ∆E and the angular cut on cos θγf ,
respectively. The full contribution of the real corrections is given by∫
Φ5
dσreal =
∫
Φ5
dσfinite +
∫
Φ4
dσsoft +
∫
Φ4
dσcoll. (4.5)
To calculate the singular part for vanishing photon energy we used the
soft-photon approximation (see for example Ref. [28]). In the soft-photon
approximation the cross section of the partonic subprocess reads
dσsoft = −dσBorn α
4pi2
6∑
i=1
6∑
j=1
QiQjθd(i)θd(j)Iij. (4.6)
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Here we used the functions θd to determine the correct sign. The function
θd(i) is defined to be 1 if the line of the fermion i points towards the diagram
and −1 otherwise. The soft-photon integrals Iij are defined as
Iij =
∫
Eγ<∆E
|~k|2=E2γ−λ2
d3~k
Eγ
pipj
(kpi)(kpj)
. (4.7)
We use Eγ and Ei for the energies of the photon and the fermions in the
centre-of-mass frame of the partonic subprocess. The masses of the fermions
are denoted by mi. Since we only investigate high energies we can assume
Ei  mi. In this limit we only keep the fermion masses mi as regulators so
that dσsoft can be written as
dσsoft = dσBorn
α
2pi
5∑
i=1
6∑
j=i+1
QiQjθd(i)θd(j)
[
2 log
(
2∆E
λ
)
×
[
2− log
(
s2ij
m2im
2
j
)]
− 2 log
(
4EiEj
mimj
)
+
1
2
log2
(
4E2i
m2i
)
+
1
2
log2
(
4E2j
m2j
)
+
2pi2
3
+ 2 Li2
(
1− 4EiEj
sij
)]
. (4.8)
The collinear cross section is divided in a part dσinitialcoll originating from
initial-state and a part dσfinalcoll originating from final-state radiation
dσcoll = dσ
initial
coll + dσ
final
coll . (4.9)
While the emission of photons from the final state does not change the kine-
matics of the subprocess, the initial-state radiation causes a loss of energy
for the initial state. In the latter case the cross section reads
dσinitialcoll =
∑
i=1,2
α
2pi
Q2i
∫ 1−δs
0
dzif(zi)dσBorn(zipi), (4.10)
with
f(zi) =
1 + z2i
1− zi log
(
sˆ
m2i
δc
2zi
)
− 2zi
1− zi . (4.11)
We can put this contribution in this form since we only consider a non-
polarized process. In this case we can take the sum over the fermion helicities
σ1, . . . , σ6. Otherwise the initial-state radiation may lead to different results
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because of a spin flip of the fermion due to the emission of the photon. The
differential cross section for final-state radiation reads
dσfinalcoll =
6∑
i=3
α
2pi
Q2i
×
([
3
2
+ 2 log
(
∆E
Ei
)][
1− log
(
4E2i
m2i
δc
2
)]
+ 3− 2pi
2
3
)
dσBorn. (4.12)
4.1.2 Phase-space slicing with effective collinear fac-
tors
Another way to cancel the collinear divergences in the Bremsstrahlung cross
section is to introduce effective collinear factors in the five-particle cross
section. In this case only the integration over the infrared divergent part
Φsoft is separated from the five-particle phase space Φ5. To get a finite result
for the integration over the collinear part of the phase space we modify the
five-particle partonic cross section by multiplying with an effective collinear
factor feff . The factor feff is essentially 1+O(m2f/s) and exactly replaces the
collinear divergences in dσreal by the correct mass-regularized behavior. In
this approach we get∫
Φ5
dσreal =
∫
Φfinite ∪ Φcoll
dσ′real +
∫
Φsoft
dσsoft, (4.13)
with the modified partonic cross section
dσ′real = f
coll
eff dσreal. (4.14)
Since the behavior of the cross section for the production of four fermions and
one additional photon is known in the limit of small scalar products (pipγ),
it is possible to cancel the singular part by a simple multiplicative factor.
We can sum over the polarizations of the fermions and find a common factor
given by
f colleff =
∑
κ1,...,κ6=±
(
2∏
i=1
f (ini)κi (mi,
p0γ
p0i
, p0i , θiγ)
)(
6∏
i=3
f (fin)κi (mi,
p0γ
p0i
, p0i , θiγ)
)
=
2∏
i=1
(
f
(ini)
+ (mi,
p0γ
p0i
, p0i , θiγ) + f
(ini)
− (mi,
p0γ
p0i
, p0i , θiγ)
)
×
6∏
i=3
(
f
(fin)
+ (mi,
p0γ
p0i
, p0i , θiγ) + f
(fin)
− (mi,
p0γ
p0i
, p0i , θiγ)
)
, (4.15)
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with the functions [34]
f
(ini/fin)
− (mf , xf , Ef , θfγ) =
x2f
x2f ∓ 2xf + 2
4m2fE
2
f sin
2(θfγ/2)[
4E2f sin
2(θfγ/2) +m2f
]2 ,
f
(ini/fin)
+ (mf , xf , Ef , θfγ) =
(
4E2f sin
2(θfγ/2)
4E2f sin
2(θfγ/2) +m2f
)2
. (4.16)
Here θiγ is the angle between particle i and the photon and xf a shorthand for
the energy ratio p0γ/p
0
f . We can use dσ
′
real to determine the cross section for
pp→ 4fγ without calculating the collinear contributions dσ initialcoll and dσfinalcoll
described in section 4.1.1.
The use of the collinear factors does not introduce the convolution we
would have to calculate in dσinitialcoll . Unfortunately it turned out in the nu-
merics that we do not gain any advantage of this because the integration
error in this approach turns out to be larger than the integration error in the
approach using extra integrations for the collinear part. For this reason we
decided to use only the phase-space slicing with collinear cuts described in
section 4.1.1 for our numerical evaluation.
4.2 Matching of infrared divergences
Since the virtual corrections were calculated in DPA and the real corrections
were calculated using the full five-particle phase space we get no exact can-
cellation of the infrared divergences. To fix this problem we subtract the
singular parts from the virtual corrections and add them to the real correc-
tions in the following way
σvirt,finite =
∫
ΦDPA4
(dσvirt − dσvirt,sing) ,
σ′real =
∫
Φ5
dσreal +
∫
Φ4
dσvirt,sing. (4.17)
The new cross sections σvirt,finite and σ
′
real contain no infrared divergences
any more. Mass divergences only remain from initial-state fermions and
are completely contained in σ′real. However the singular part σvirt,sing is not
uniquely defined because constant parts from the radiative corrections can
always be shifted into the definition of the singular contribution. To perform
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the matching in our case we chose the subtraction term defined in Ref. [19]:
dσvirt,sing = dσBorn
α
2pi
5∑
i=1
6∑
j=i+1
QiQjθd(i)θd(j)
× [L(sij, m2i ) + L(sij, m2j) + Cij + Cji] , (4.18)
with
L(sij, m2i ) = log
m2i
sij
log
λ2
sij
+ log
λ2
sij
− 1
2
log2
m2i
sij
+
1
2
log
m2i
sij
(4.19)
and the constant terms Cij and Cji defined as
Cij = −pi
2
3
+ 2, if i and j are incoming,
Cij =
pi2
6
− 1, if i is incoming and j is outgoing,
Cij = −pi
2
2
+
3
2
, if i is outgoing and j is incoming,
Cij = −pi
2
3
+
3
2
, if i and j are outgoing. (4.20)
In principle one can use other terms to shift the infrared divergences from
the virtual DPA corrections to the real corrections. Note that only the Born
cross section enters in the definition of dσvirt,sing and hence this term is gauge
invariant by construction. A subtraction or addition of such gauge-invariant
terms cannot lead to a violation of gauge invariance in the total cross section.
However, by shifting singular parts from the virtual to the real corrections
always some finite parts are included, depending on the definition of the
singular parts. For example we could use the infrared singular parts defined
in Ref. [35] instead of the singular parts we defined in formula (4.18). The
ambiguity due to the choice of the definition for dσvirt,sing is of the order of
non-doubly-resonant terms as was shown in Ref. [19]. Therefore it is of the
same order as the uncertainty of the DPA and we can safely use this method
within the accuracy of our approximations for the radiative corrections.
Chapter 5
Treatment of parton
distributions
5.1 Definitions
The parton distribution functions Φi,q(Q, x) give the probability to find the
parton q with energy fraction x in the nucleon i at the factorization scale
Q. The dependence of the distribution functions (PDFs) on the energy scale
originates from higher-order contributions that are naturally included be-
cause these functions have to be determined experimentally. In this way all
orders of initial-state radiation of soft gluons are contained for a quark q
coming from inside a proton. A correct description of this effects is given by
the Dokshitzer–Gribov–Lipatov–Altarelli–Parisi (DGLAP) equations. These
differential equations describe the evolution of the probability to find a par-
ton which can be a quark q or a gluon g inside a proton with a certain
momentum fraction x. For quarks these equations are given by
dΦi,q(Q, x)
d logQ
=
αs(Q
2)
pi
∫ 1
x
dz
z
[
Pq←q(z)Φi,q
(
Q,
x
z
)
+ Pq←g(z)Φi,g
(
Q,
x
z
)]
(5.1)
with the strong coupling constant αs and the splitting functions
Pq←q(z) =
4
3
[
1 + z2
(1− z)+ +
3
2
δ(1− z)
]
,
Pq←g(z) =
1
2
[
z2 + (1− z)2] . (5.2)
Due to the convolution over the splitting functions quarks are taken into ac-
count which originate from other quarks or gluons inside the proton at higher
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momentum fractions x/z. This is similar to the case of initial-state radiation
in which a loss of energy due to the production of additional particles must
be considered.
For QCD corrections in infinite order the dependence on the factorization
scale Q has to vanish for a physical cross section. A standard procedure in
QCD calculations is to check the remaining scale dependence after the inclu-
sion of radiative corrections. But since we do not consider QCD corrections
we cannot reduce the scale dependence caused by the PDFs. In fact we would
not only have to include QCD corrections to get rid of the scale dependence,
but also would need QED corrected parton distribution functions which are
not available at the present time.
5.2 Numerical evaluation of PDFs
The numerical behavior of the parton distributions functions is of special
interest because we have to calculate a convolution integral including these
functions. The PDFs for quarks inside the proton vary over many orders of
magnitude and diverge for x → 0. This makes it necessary to find a proper
mapping for the integration. One simple possibility is given by∫ 1
0
dx1
∫ 1
0
dx2 →
∫ ∞
−∞
dy
∫ τmax
0
dτ, (5.3)
where the centre-of-mass pair rapidity y and the scaling variable τ are used.
These quantities are defined as
y =
1
2
log
x1
x2
,
τ = x1x2. (5.4)
For the mapping of parton distribution functions (PDFs) different schemes
have been implemented.
5.2.1 Combined mapping
One possibility for the integration over the parton distribution functions is
given by the substitution∫ 1
0
dx1
∫ 1
0
dx2 →
∫ 0
log2 τ0
d(log2 τ)
∫ 0
log τ
d(log x2)
τ
2 log τ
, (5.5)
where τ = x1x2 and τ0 is determined by the minimum-energy cut for the
partonic center of mass frame. The factor τ/(2 log τ) from the Jacobian of
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this substitution cancels the τ dependence in the flux factor 1/sˆ = 1/(τs)
which occurs in the amplitudes. This mapping is very useful in the high-
energy case, i.e. in the region where the radiative correction we implemented
are valid. The use of the minimum-energy cut in the first integration prevents
the generation of phase-space points which do not fulfil the minimum-energy
conditions. In this way less phase-space points are rejected in the Monte
Carlo integration.
In our numerical analysis in which we are always in a high-energy regime
with partonic CMS energies
√
sˆ ≥ 500GeV we always use this combined
mapping in the numerical integration.
5.2.2 Mapping of a single parton distribution
If in a calculation low values of
√
sˆ can appear it can be an advantage to have
a good mapping of the PDFs over the full range of the momentum fraction x.
For example tree-level cross sections with anomalous gauge-boson couplings
can be such a case. For the Monte Carlo integration in these cases it might
be recommendable to have a proper mapping of the PDFs at low x or a
proper mapping of the s-channel in the topologies F and G shown in figure
1.3. We implemented an s-channel mapping and the mapping of one of the
parton distributions for these topologies.
To map a single PDF we can find a function which comes very close to
the actual shape of the parton distribution. We can approximate a parton
distribution function by the following three functions
f(x) = 1
x+ε
+ c1, if 0 < x < x1 = 0.1,
f(x) = exp(c2x + c3), if x1 ≤ x < x2 = 0.7,
f(x) = c4(1− x)4, if x2 ≤ x ≤ 1, (5.6)
where the constants c1, c2, c3, c4 are fitted to the parton distribution function
Φi,q in the following way
c1 = − 1
x1 + ε
+ Φi,q(Q, x1),
c2 =
log Φi,q(Q, x1)− log Φi,q(Q, x2)
x1 − x2 ,
c3 = −x2 log Φi,q(Q, x1)− log Φi,q(Q, x2)
x1 − x2 + log Φi,q(Q, x2),
c4 =
Φi,q(Q, x2)
(1− x2)4 . (5.7)
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Note that not f(x) itself but the derivative of f(x) will appear in the density
function g. Therefore we do not find an exact cancellation of the dependence
on x described by f(x). But the overall shape of f ′(x) is similar to the shape
of f(x) so we can use it for a mapping by generating a Bjorken x by the
inverted function x(ξ) = f−1(ξ).
The parameter ε is used to generate a finite value for the mapping function
at x = 0. It was set to ε = 10−2, but the actual value of this parameter
has no numerical effect, because events with x = 0 result in zero center of
mass energy for the partonic subprocess and do not contribute to the cross
section due to the cuts on
√
sˆ for physical processes. For the scale Q we used
5000 GeV to determine the shape of the mapping functions. To apply this
mapping we have to skip the substitution given in (5.3) and directly integrate
over the two momentum fractions x1 and x2. The convolution is then written
as ∫ 1
0
dx1
∫ 1
0
dx2 →
∫ 1
0
dξ
dx1(ξ)
dξ
∫ sˆmax
sˆmin
dsˆ
1
x1s
(5.8)
in the case of a s-channel propagator and∫ 1
0
dx1
∫ 1
0
dx2 →
∫ 1
0
dξ
dx1(ξ)
dξ
∫ 1
0
dx2 (5.9)
otherwise.
5.3 Renormalization of PDFs
The partonic cross section in O(α) includes mass singular terms of the form
α logmf with small fermion masses mf . These mass singularities are intro-
duced by the collinear emission of photons in the final or initial state. The
mass singularities from the initial-state radiation contain terms proportional
to α logm1 and α logm2 where m1 and m2 are the masses of the interacting
partons. The masses of the partons are not a physical observable since there
are no free quarks in nature because of the confinement of QCD. In order to
get a prediction for the cross section which does not depend on quark masses
we have to absorb this singular terms depending on the quark masses into
the parton distribution functions. This is done in analogy to next-to-leading
order QCD calculations in the MS factorization scheme by renormalizing the
parton distribution functions:
Φrenormalizedi,q (Q, xi) = Φi,q(Q, xi)−
α
2pi
Q2q
∫ 1
xi
dz
z
Φi,q
(
Q,
xi
z
)
×
[
Pff(z)
(
log
Q2
m2q
− 2 log(1− z)− 1
)]
+
(5.10)
5.3. RENORMALIZATION OF PDFS 59
with the splitting function Pff(z) = (1+z
2)/(1−z). The soft-photon pole in
equation (??) for z → 1 is excluded from the integration by using the [. . . ]+
prescription which is defined as∫ 1
x
dz [f(z)]+ g(z) =
∫ 1
x
dzf(z)g(z)−
∫ 1
0
dzf(z)g(1). (5.11)
Unfortunately at the present time there exist no PDFs in which the pho-
tonic O(α) corrections are included if one considers the DGLAP evolution.
To obtain a O(α) corrected PDF the DGLAP evolution of the PDF has to
be calculated in the corresponding loop order and experimental data must
be used to determine this QED-corrected PDF.
We define the contribution from the renormalization of the PDFs as
dσre−PDF = − α
2pi
2∑
i=1
Q2i
∫ 1
xi
dz
z
Φi,fi(Q,
xi
z
)
Φi,fi(Q, xi)
×
[
Pff(z)
(
log
Q2
m2i
− 2 log(1− z)− 1
)]
+
dσBorn(x1, x2).
(5.12)
5.3.1 Treatment for the Splitting function Pff
The integration over the splitting function
Pff(z) =
1 + z2
1− z (5.13)
introduces a pole for z = 1 which is excluded by using the [. . . ]+ prescription.
Anyhow a direct numerical integration leads to numerical instabilities which
can only be avoided if a proper mapping is introduced. Therefore we perform
the following substitution on the integral in (5.12). We set
z2 = (1− z)α, with α = − log z2
z2
. (5.14)
Unfortunately the equation for α cannot be written in terms of z in an
algebraic way but we can express z in terms of z2:
z = 1− z
1
α
2 = 1− e−z2 . (5.15)
A short calculation shows that we can write∫ 1
x
dzPff (z) =
∫ ∞
− log(1−x)
dz2
(
2− 2e−z2 + e−2z2) . (5.16)
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Chapter 6
Numerical Results
6.1 Constants in the numerical evaluation
For the numerical evaluation the parameters of the standard model are
fixed by the values in Ref. [36]. For the Fermi constant we used the value
Gµ = 0.1166370 · 10−4GeV−2 and the electromagnetic coupling constant is
given by α = 1/137.0359895. At the scale of the Z mass the electromagnetic
coupling constant is α(MZ) = 1/128.88700. We have implemented three
schemes for the use of these couplings. In the numerical calculations we can
use α, α(MZ), or αGµ =
√
2GµM
2
Ws
2
w/pi = 7.543596 · 10−3. By using α(MZ)
or αGµ higher-order contributions from the running of the electromagnetic
coupling are taken into account. For the strong coupling constant of QCD we
use αs = 0.117. The electroweak mixing angle is determined by the masses
of the gauge bosons cw = MW/MZ. The actual values of the masses used
in the program are shown in table 6.1. For all numerical results shown in
leptons up-type quarks down-type quarks
me = 0.5109989 · 10−3 mu = 0.066 md = 0.066
mµ = 0.105658365 mc = 1.20 ms = 0.15
mτ = 1.77699 mt = 178.0 mb = 4.9
gauge-boson masses gauge-boson widths Higgs boson
MW = 80.425 ΓW = 2.09936 MH = 150.00000
MZ = 91.1876 ΓZ = 2.50504
Table 6.1: Masses and widths used in the Monte Carlo program. All numbers
are given in units of GeV
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the following sections we used the fixed-width scheme with the mass values
given in the table and the gauge-boson widths calculated from the following
standard formulae
ΓZ =
αMZ
24s2wc
2
w
[
21− 40s2w +
160
3
s4w +
m4b
M4Z
(
24s2w − 16s4w
)− 9m2b
M2Z
+
αs
pi
(
15− 28s2w +
88
3
s4w
)]
= 2.505044 . . . GeV (6.1)
and
ΓW =
αMW
2s2w
[
3
2
+
αs
pi
]
= 2.099360 . . . GeV. (6.2)
For calculations with only one quark generation like cross sections for d¯u → 4f
which we calculated for some numerical checks we use the identity matrix as
quark-mixing matrix. In the results presented in sections 6.7.1, 6.7.2, and
6.7.3 we are considering the mixing between the quarks of different genera-
tions and we generate a matrix from |Vud| = 0.974 which is at present the
matrix element with the smallest error in the following way
VCKM =

 Vud Vus VubVcd Vcs Vcb
Vtd Vts Vtb

 =

 |Vud|
√
1− |Vud|2 0
−
√
1− |Vud|2 |Vud| 0
0 0 1

 . (6.3)
In the initial state we neglect the contributions from top and bottom quarks
i.e. we set Φb(Q, x) = Φt(Q, x) = 0. As parton distributions we have used
the CTEQ(6M) [37] with the factorization scale Q defined as
Q2 =
1
2
(
M2V1 +M
2
V2
+ P 2T(V1) + P
2
T(V2)
)
. (6.4)
Here PT(V1) and PT(V2) denote the transverse momenta of the reconstructed
intermediate gauge bosons. The full reconstruction of the transverse mo-
menta of the gauge bosons is only possible for WZ or ZZ production if four
or three charged particles are detected in the final state. Considering WW
production we only find two charged leptons in the final state which makes
a full reconstruction impossible so that we use
Q2 =
1
2
(
M2V1 +M
2
V2 + P
2
T(l
−) + P 2T(l
+) +
(
PTmiss
)2)
. (6.5)
Furthermore we take the average of the factorization scales if there are two
possible reconstructions of intermediate gauge bosons. A description of the
reconstruction of intermediate gauge bosons is given in chapter 6.4. The
energy of the proton beams at the LHC is 7 TeV which gives a centre-of-
mass energy of
√
s = 14 TeV.
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6.2 Cuts on the phase space
To match the several different possibilities to select special events in an ex-
periment different sets of cuts can be applied. Some of these cuts are already
used within the phase-space generator to prevent the generation of events
that must be rejected according to these cuts. In the Monte Carlo program
angular cuts to the beam axis or other particles can be given directly for
each fermion. It is also possible to give cuts for the energies or the invariant
masses sij of particle pairs. In this scheme all cuts must be given explicitly
for every particle. Furthermore a more general set of cuts was implemented
which allows to give conditions for certain species of particles like leptons or
quarks. In addition it allows to give conditions for the intermediate gauge
bosons. As additional observable we define the transverse momentum of the
particle i
pT(i) =
√
(p1i )
2 + (p2i )
2. (6.6)
The pseudo rapidity ηi of leptons and quarks is given by
ηi = − log
(
tan
θi
2
)
(6.7)
where θi is the angle between the direction of the particle i to the beam axis.
For distinguishing the tracks of different particles the rapidity–azimuthal-
angle separation between the particles i and j is used
∆Rij =
√
(ηi − ηj)2 + (φi − φj)2 (6.8)
with the azimuthal angles φi, φj. For neutrinos which cannot be seen in the
detector we introduce the missing transverse momentum
pTmiss =
√√√√(∑
fi
δfiνp
1
i
)2
+
(∑
fi
δfiνp
2
i
)2
. (6.9)
For the identification of gauge bosons, cuts are applied on the transverse
momentum or the transverse mass of a fermion pair:
pT(i, j) =
√(
p1i + p
1
j
)2
+
(
p2i + p
2
j
)2
, (6.10)
MT(i, j) =
√
ET2(i, j)− pT2(i, j) (6.11)
with the transverse energy ET(i, j) = |pT(i)| + |pT(j)|. The standard values
for these cuts are given in table 6.2.
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Table 6.2: Standard Cuts
Particle Observable Cut
charged leptons pT(i) > 20 GeV
|ηi| < 3
quarks pT(i) > 20 GeV
|ηi| < 3
one neutrino pTmiss > 20 GeV
in the final state
two neutrinos pTmiss > 25 GeV
in the final state
6.3 Recombination of photons
If the energy of a photon is not high enough or it is very close to another
particle in the final state the detectors in the high-energy experiments are
not able to resolve it as a separate particle. To simulate this behavior of the
detector we implemented a photon-recombination procedure. If the photon
is to close to the beam axis it will be hidden in the fragments of the protons.
Therefore we assume that the photon is only visible for |ηγ| < 3. If the
separation to a fermion fi in the rapidity-azimuthal angle ∆Riγ < 0.1 the
photon momentum is added to the momentum of the fermion. Photons with
energies Eγ below 2 GeV are always recombined to the closest fermion.
6.4 Reconstruction of gauge bosons
The reconstruction of gauge bosons allows to select a special region of the
phase space. Similar to the procedure in an experiment a generated set
of momenta is examined and it is checked if certain combinations of the
measured outgoing particles can form a W±, Z or γ in an intermediate state.
if the charges of the fermions i and j add to zero we use the following cuts
to identify Z bosons
MZ −∆MZ <
√
(pi + pj)2 < MZ + ∆MZ (6.12)
with ∆MZ = 20 GeV. In processes with neutrino production, e.g. in the case
of a W± boson decaying into a lepton l and a neutrino νl, it is not possible to
measure the momentum of the neutrino. But if only one neutrino is produced
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in the full process we can measure the transverse momentum of this neutrino
by the amount of missing transverse momentum. In this case we can use
the transverse mass MT(lνl) for the reconstruction of the W boson. Here we
demand √
(|pTl |+ |pTmiss|)2 − (pTl + pTmiss)2 < MW + ∆MW (6.13)
with ∆MW = 20 GeV for the reconstruction of the W boson. For final states
with two neutrinos the reconstruction of a possible W+W− fails and we
cannot apply a reconstruction in this case. However, we can still reconstruct
a ZZ pair with two neutrinos in the final state.
If there is more than one pair of gauge bosons which passes our recon-
struction cuts we determine the best reconstructed pair by the difference
of the poles to the gauge-boson masses. This means we calculate the re-
constructed gauge-boson masses MZ,recon =
√
(pi + pj)2 for Z bosons and if
possible MW,recon =
√
(|pTl |+ |pTmiss|)2 − (pTl + pTmiss)2 for W bosons. These
reconstructed masses we can compare for the different cases by calculating
∆(V1, V2) = (MV1,recon −MV1)2 + (MV2,recon −MV2)2 . (6.14)
For the calculations of distributions we only take the gauge-boson pair into
account which has the smallest ∆(V1, V2).
6.5 Consistency of the program
Several consistency checks have been performed on the program. Especially
the results for the W±Z production process have been compared with a pro-
gram written by Elena Accomando. In these tests the discrepancy between
the programs was less than 0.1% which was still within the statistical error
of the test. The two programs are completely independent and the radia-
tive corrections to gauge-boson production were implemented in a completely
different way.
In the phase-space slicing approach discussed in chapter 4.1 we have in-
troduced additional cuts parameterized by δc and δs to split off the parts in
which the cross sections gets divergent. The cross section has to be indepen-
dent of the values of these additional cuts. Here we use the standard cuts
in table 6.2 and the process PP → νee+µ−µ+ to demonstrate the effect of
the variation of the parameters δc and δs which are defined in chapter 4.1.
For the values 10−2 < δc < 10−1 one can see a clear dependence of the total
cross section on the angular cut in the phase space in figure 6.1. For values
δc < 10
−2 the cross section gets constant within the integration error with
respect to variation of δc. In this regime the error due to the integration is
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Figure 6.1: Dependence of the total cross section on the cut δc.
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Figure 6.2: Dependence of the total cross section on the cut δs.
6.5. CONSISTENCY OF THE PROGRAM 67
σ/pb
log10 λ
-30
-20
-10
0
10
20
30
40
50
1e-08 1e-07 1e-06 1e-05 0.0001 0.001 0.01 0.1 1 10 100
virt
real
virt,finite
real,finite
Figure 6.3: Cancellation of infrared divergences by the subtraction of the
singular parts. The cross sections for σvirt,finite and σreal,finite do not depend
on the photon mass λ.
bigger than the error due to the use of an approximation at the phase space
boundary. For the numerical evaluations we fixed the value to δc = 10
−3.
The same arguments hold for the dependence on the energy cut δs shown in
figure 6.2. For energy fractions 10−7 < δs < 10−3 we find a region in which
the cross section is flat within the error bars. It is convenient to choose
δs = 10
−4 for numerical evaluation because here the integration error is still
small.
The cancellation of the infrared divergences is one of the crucial points
in the calculations of radiative corrections. In figure 6.3 the photon-mass
dependence of the virtual and real corrections is shown. After subtracting
the singular parts from the virtual corrections and adding the corresponding
singular parts to the real corrections as explained in formula (4.17) the cross
sections become independent of the photon mass λ. This proves that the
cancellation of the infrared divergences works and our cross sections do not
depend on the regulators. We performed the same test also for different values
for the fermion masses mf which are used as regulators for the collinear
divergences. If we choose 10−5 GeV < mf < 10−1 GeV we observe that
the finite virtual corrections σvirt,finite show no dependence on mf and that
the dependence in σ′real also vanishes if we add the contribution from the
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renormalized parton distributions given in formula (5.12).
6.6 Accuracy of the DPA
Since the DPA is used in the calculation of the virtual radiative corrections
we have to ensure that we apply proper phase-space cuts to stay in a regime
in which this approximation is valid. In this section we present a comparison
between the Born cross section with and without DPA. This can be used to
estimate the systematic error in the radiative corrections due to our approach.
In figure 6.4 the difference between Born cross sections with or without DPA
∆/%
√
sˆ
-10
0
10
20
30
40
50
60
0 1000 2000 3000 4000 5000 6000 7000
Deviation without recontruction of gauge bosons
Deviation with recontruction of gauge bosons
Figure 6.4: Percentage of difference between the Born cross section and the
Born cross section in DPA in the case of WZ production. The upper curve
shows the deviation without using reconstruction cuts for the gauge bosons.
The lower curve was obtained using reconstructed gauge bosons.
is shown depending on the centre-of-mass energy of the partonic subprocess.
Here the partonic subprocess is given by d¯u → µ+µ−νee+. For both curves
the cuts shown in table 6.2 have been applied. Without any reconstruction
we observe a deviation of ∼ 25% for energies below 1000 GeV which grows
up to 40% if we investigate the highest kinematically allowed values for the
energy
√
sˆ. If the reconstruction cuts are used the error due to the use of
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the DPA goes down to 1 to 2% over the whole range for the energy
√
sˆ.
For high energies the error due to the numerical integration indicated by the
errorbars is even higher than the systematical error due to the DPA. For the
reconstruction of the Z boson and the W boson we restrict the reconstructed
mass of the Z boson MZ,recon =
√
(pi + pj)2 to be within the interval [MZ −
20 GeV,MZ + 20 GeV] and require the transverse reconstructed W
± mass
MW,recon defined in (6.13) to be below MW + 20 GeV.
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Figure 6.5: Percentage of difference due to the absence of mixed transverse
longitudinal gauge-boson production. We show distributions for WZ produc-
tion in the partonic process d¯u→ νee+µ−µ+ with standard cuts.
In figure 6.5 we show the systematic error we do by neglecting matrix
elements with one transverse and one longitudinal gauge boson in the DPA.
Again we used the Born cross sections for the partonic subprocess d¯u →
µ+µ−νee+ and the cuts shown in table 6.2. The t-distribution was calculated
from the momentum of the reconstructed Z boson tˆ = (pd¯−pZ)2. We plotted
the percentage of difference between the DPA cross section σDPA,TT+LL+TLBorn in-
cluding transverse longitudinal mixed states and the cross section σDPA,TT+LLBorn
in which these contributions are neglected. We find that these cross sections
deviate up to 15% at energies below 1 TeV. In the high-energy regime above
1 TeV the agreement is improving very fast and for energy scales bigger
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than 2.5 TeV the error already drops below 0.5%. This behaviour was ex-
pected, since the contributions of matrix elements with one transverse and
one longitudinal gauge boson do not contribute in the high-energy limit.
For our corrections these results show, that the systematic error is well
below 5% for using DPA and below 15% for neglecting polarization mixed
states within the DPA. As a worst case scenario we could end up with a
systematical error of 15% on the radiative corrections which themselves have
a typical size of 15% of the Born cross section. With this assumptions we
find for the radiative corrections in the scenarios discussed in section 6.7 a
maximal total error of ≈ 2% on the total corrected cross sections.
6.7 Corrections to gauge-boson production
For the investigation of gauge-boson production processes we always impose
the standard cuts given in table 6.2 and the recombination procedure for the
photons from section 6.3. In addition we reconstruct the gauge bosons as
described in section 6.4 whenever this is possible. The only case described
in this work in which there is no reconstruction is the case of WW produc-
tion. In this case there are two neutrinos in the final state so that it is not
possible to reconstruct the transverse W-boson momentum with the help of
the missing momentum.
For the numerical results shown in the following sections we neglected all
extra logarithms including the Higgs mass and logarithms including the top
mass. To be consistent with the FORTRAN program written by Elena Ac-
comondo we also drop logarithms of MW/MZ which appear in the subleading
soft-collinear corrections. This means we assume
log
M2H
M2Z
= 0, log
M2H
M2W
= 0, log
m2t
M2W
= 0, and log
M2W
M2Z
= 0, (6.15)
in all formulae given in chapter 3. In addition we use the Gµ scheme in
which the running of the coupling α is already included so that we have to
set ∆α(M2W) = 0.
6.7.1 WZ production
In this section we study the leptonic processes pp → lνll′ l¯′ with l, l′ = e or
µ. These final states can be mediated by WZ production and allow to test
the trilinear WWZ couplings.
For this case we have chosen to investigate four distributions which in-
clude the final states e−ν¯eµ−µ+ and νee+µ−µ+. To investigate the behaviour
at different energies we show two momentum distributions:
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PmissT : missing transverse momentum,
PmaxT (l): maximal transverse momentum of the charged leptons,
and two angular distributions:
∆y(Zl) = y(Z)− y(l): rapidity difference between reconstructed Z bo-
son and charged lepton from W-boson decay,
y(l−): rapidity of the negatively charged lepton coming from the recon-
structed Z boson.
The rapidity y is defined from the energy E and the longitudinal momentum
PL by y = 0.5 log((E + PL)/(E − PL)).
We note that under the kinematical cuts in table 6.2 and the use of the
reconstruction described in section 6.4 the exact result is well approximated
by the DPA. The difference, which is about 15% without gauge-boson recon-
struction, goes down to per-cent level (for a detailed discussion see Ref. [16]).
Thus, we can safely adopt the DPA for calculating EW radiative corrections.
As an illustration of the role played by O(α) corrections, we study the
above-mentioned distributions in two different kinematical regions both char-
acterized by large energies and scattering angles in the di-boson rest frame.
As a first scenario, we restrict the transverse momentum of the recon-
structed Z boson, PT(Z), by
PT(Z) > 300 GeV. (6.16)
As a second scenario, we impose cuts on the invariant mass of the three
charged leptons, Minv(ll
′l¯′), and the difference ∆y(Zl) = y(Z)− y(l) between
the rapidity of the reconstructed Z boson and of the charged lepton coming
from the W-boson decay:
Minv(ll
′ l¯′) > 500 GeV, |∆y(Zl)| < 3. (6.17)
Under these cuts, all invariants sˆ, tˆ, uˆ are large compared to the W-boson
mass. In particular,
√
sˆ >∼ 600 GeV and
√
tˆ,
√
uˆ >∼ 200 GeV for most events
and
√
sˆ > 500 GeV and
√
tˆ,
√
uˆ > 100 GeV for all.1 Thus, the conditions
equation, under which the logarithmic high-energy approximation is valid,
are well fulfilled in these two kinematical regions.
1Note that the high-energy approximation can be applied as long as
√
sˆ,
√
tˆ,
√
uˆ >∼ MW.
If the invariants are of the order of MW but larger, the logarithms become small and the
large corrections are switched off. The high-energy approximation yields wrong results,
once the invariants are smaller than MW.
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Figure 6.6: Missing-transverse-momentum distribution for WZ production.
The plot shows the sum over the final states e−ν¯eµ−µ+ and νee+µ−µ+ with
standard cuts and PT(Z) > 300 GeV.
We start discussing the scenario equation (6.16). In the figures 6.6, 6.7,
6.8, and 6.9 we have plotted the four differential distributions for the com-
plete process PP → e−ν¯eµ−µ+, νee+µ−µ+, i.e. we sum over the two charge-
conjugate final states. The inset plots show the percentage of difference
between the Born and our NLO cross section. As a general feature the EW
corrections are negative and lower the Born cross section by more than 10%.
For the individual distributions we observe the following. EW corrections
reduce the distribution in PmaxT (l
−) by the order of 10% at low to modest
PmaxT (l
−) values. This effect grows with increasing PmaxT (l
−) as shown by
the long tail where the contribution of EW corrections can amount to more
than 30%. This is of course the result of enhanced EW logarithms at large
energies, which are enforced by the large PmaxT (l
−). The missing-transverse-
momentum distribution shows the same qualitative behaviour. At low values
the correction amounts to about −15%, while at high PmissT it increases by a
factor of more than two. As stated in the literature, the large PT region is an
ideal place to look for new physics. As an example, the PT(Z) distribution
has been found to be much more sensitive to new-physics effects than the
WZ invariant-mass distribution, which in principle should give a more direct
access to the energy scale [8, 13]. This feature is shared by PmaxT (l
−) and
PmissT we just discussed.
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Figure 6.7: Distribution of the maximal transverse momentum of the de-
tected leptons. The plot shows the sum over the final states e−ν¯eµ−µ+ and
νee
+µ−µ+ with standard cuts and PT(Z) > 300 GeV.
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Figure 6.8: Distribution in the rapidity difference between the reconstructed
Z and the l± from the reconstructed W. The plot shows the sum over the final
states e−ν¯eµ−µ+ and νee+µ−µ+ with standard cuts and PT(Z) > 300 GeV.
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Figure 6.9: Rapidity distribution of the negatively charged muon in a WZ-
production process. The final states e−ν¯eµ−µ+ and νee+µ−µ+ are summed
and standard cuts and PT(Z) > 300 GeV are applied.
As to angular distributions, EW corrections are maximal at low rapidity
values in both cases, where once again effects due to new physics could be
more enhanced. A low rapidity corresponds in fact to large scattering angles
of the produced vector bosons in their rest frame. As shown in the figure 6.8,
the distribution in the rapidity difference ∆y(Zl) exhibits a characteristic
dip, relic of an approximate radiation zero at high energy [38]. Of course,
new physics could have observable consequences on the shape of this variable
[8, 13]. The general tendency is to fill in the dip, but in certain models the
approximate zero may even become more pronounced. It is thus important
to consider the impact of radiative corrections to this relevant signal. In the
last decade, the effect of NLO QCD corrections has been extensively analysed
[8, 13]. It can completely spoil the significance of the dip, if one measures the
inclusive WZ +X production. By imposing a jet veto, the QCD corrections
get drastically reduced to about 20% of the Born result, at the same time
diminishing the dependence of the NLO cross section on the factorization
scale. As shown in figure 6.8, EW corrections can be of the same order as
QCD effects but with opposite sign. So, they slightly increase the dip.
Of course, radiative corrections do not only depend on the considered
distribution but also on the selected cuts. In the figures 6.10, 6.11, 6.12,
and 6.13 we show a second set of plots for the same set of distributions as
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Figure 6.10: Missing-transverse-momentum distribution for WZ production.
The plot shows the sum over the final states e−ν¯eµ−µ+ and νee+µ−µ+ with
standard cuts, Minv(ll
′ l¯′) > 500 GeV, and |∆y(Zl)| < 3 applied.
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Figure 6.11: Distribution of the maximal transverse momentum of the de-
tected leptons. The plot shows the sum over the final states e−ν¯eµ−µ+ and
νee
+µ−µ+ with standard cuts, Minv(ll′l¯′) > 500 GeV, and |∆y(Zl)| < 3 ap-
plied.
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Figure 6.12: Distribution in the rapidity difference between the reconstructed
Z and the l± from the reconstructed W. The plot shows the sum over the
final states e−ν¯eµ−µ+ and νee+µ−µ+ with standard cuts and Minv(ll′ l¯′) >
500 GeV. The radiative corrections are only included for |∆y(Zl)| < 3.
above but in the scenario given in equation (6.17). The influence of the
radiative corrections on the two momentum-like variables is analogous to the
one observed in the previous case. The main difference between the two
selected kinematical regions is in the shape of the ∆y(Zl) distribution. Here,
the radiation-zero dip strongly increases. This is due to the fact that the
requirement Minv(ll
′ l¯′) > 500 GeV forces the reconstructed Z boson and the
charged lepton from the W-boson decay to be produced at large separation
angle. This effect translates into a depletion of events in the central region
of low rapidity difference. Radiative corrections are more pronounced in
this suppressed region, which corresponds to large scattering angles in the
di-boson rest frame.
To measure the significance of the EW corrections, a naive but direct
way is to compare their magnitude with the expected statistical error. In
table 6.3 we have listed the relative deviation ∆ and the statistical accuracy,
estimated by taking as a luminosity L = 100 fb−1 for two experiments, in
the scenario (6.16) for some values of the cut on the transverse momentum
of the reconstructed Z boson. To this purpose, we sum over all eight final
states e−ν¯eµ−µ+, νee+µ−µ+, µ−ν¯µe−e+, νµµ+e−e+, µ−ν¯µµ−µ+, νµµ+µ−µ+,
e−ν¯ee−e+, and νee+e−e+. In table 6.4, we give the same entries but for the sce-
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Figure 6.13: Rapidity distribution of the negatively charged muon in a WZ
production process. The plot shows the sum over the final states e−ν¯eµ−µ+
and νee
+µ−µ+ with standard cuts, Minv(ll′ l¯′) > 500 GeV, and |∆y(Zl)| < 3
applied.
nario (6.17) and for different values of the charged-lepton invariant-mass cut.
This comparison indicates that EW corrections are non-negligible and can be
comparable with the experimental precision up to about P cutT (Z) = 500 GeV
or M cutinv (ll
′ l¯′) = 1TeV. In these regions the corrections range between −7 and
−22%, being slightly more enhanced in the first scenario. Of course, their
significance depends on the available luminosity. This kind of accuracy is
needed only in a high-luminosity run.
Besides the lowest-order cross section σBorn and the cross section σEW
including the complete leading-logarithmic EW corrections, we have also in-
serted two entries representing partial results in tables 6.3 and 6.4 in order
to give an idea of the individual contributions. The cross section including
only the leading EW logarithms originating from above the EW scale, MW,
is denoted by σAEWS. This term neglects all IR and mass-singular terms
coming from the mass gap between the photon and the weak gauge bosons
and is exactly the part computed in Ref. [16] for the same process. The
column σfinitevirt contains instead the full finite virtual correction, i.e. the full
leading-logarithmic EW corrections with the IR- and mass-singular contribu-
tion subtracted as defined in equation (4.17). The difference between σAEWS
and σfinitevirt is numerically small, despite of the fact that it contains leading
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pp → lνll′l¯′
PT(Z) σBorn σAEWS σ
finite
virt σEW ∆ 1/
√
2LσBorn
[GeV] [fb] [fb] [fb] [fb] [%] [%]
250 1.672 1.563 1.553 1.489 -10.9 5.5
300 0.876 0.794 0.789 0.761 -13.1 7.6
350 0.489 0.431 0.428 0.413 -15.5 10.1
400 0.287 0.246 0.244 0.236 -17.8 13.2
450 0.175 0.146 0.145 0.141 -19.7 16.9
500 0.111 0.090 0.089 0.087 -21.2 21.2
Table 6.3: Cross section for PP → lνll′l¯′ for various values of P cutT (Z). Here
we have summed over all eight final states with l, l′ = e or µ.
pp → lνll′l¯′
M(ll′ l¯′) σBorn σAEWS σfinitevirt σEW ∆ 1/
√
2LσBorn
[GeV] [fb] [fb] [fb] [fb] [%] [%]
500 1.729 1.689 1.692 1.601 -7.4 5.4
600 0.899 0.858 0.860 0.814 -9.5 7.5
700 0.508 0.474 0.476 0.452 -10.9 9.9
800 0.304 0.278 0.279 0.264 -13.3 12.8
900 0.190 0.170 0.171 0.161 -15.1 16.2
1000 0.123 0.108 0.109 0.102 -16.7 20.2
Table 6.4: Cross section for PP → lνll′ l¯′ for various values of M cutinv (ll′ l¯′).
Here we have summed over all eight final states with l, l′ = e or µ.
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logarithmic contributions. The dominant contribution to this difference is in
fact proportional to α/(2pi) log(s/M 2)(log(s/M 2) − 3) which is numerically
small for energies between 500 GeV and 1TeV owing to cancellations.
6.7.2 ZZ production
In this section we extend our analysis to the processes PP → ll¯l′l¯′ (l, l′ = e or
µ). This channel is proper for studying the impact of trilinear neutral gauge-
boson vertices, ZZZ and ZZγ, on physical observables. While these couplings
are absent in the SM Lagrangian, one-loop corrections induce small but not-
vanishing values for these couplings. Significantly larger couplings are pre-
dicted by non-standard models, where new physics appearing at energy scales
much larger than those which can be directly probed at forthcoming experi-
ments can be parameterized in terms of anomalous neutral self-interactions.
At LEP2 and Tevatron, the ZZγ vertex has been measured through Zγ
production. LEP2 has been able to produce also ZZ pairs but with poor
statistics. At the LHC several thousands of such ZZ pairs will be produced,
allowing for more stringent bounds on ZZZ and ZZγ vertices. The envisioned
increase in statistics, and the possibility to observe significant deviations due
to new physics interactions have gathered a renewed interest in the literature
[39].
ZZZ and ZZγ couplings affect the production of longitudinal or trans-
verse Z bosons in a different way. Therefore, the helicity of the decay prod-
ucts coming from ZZ production constitutes a valuable information. Up to
now, on one side the aforementioned studies have been performed in the
production×decay approach, neglecting all spin correlations and irreducible
background contributions. On the other side, accurate calculations of QCD
corrections have been carried out in Ref. [8]. In this section, we illustrate
the results of a complete calculation of four-fermion production mediated by
ZZ production including leading-logarithmic EW corrections. We focus, in
particular, on the effect of the EW corrections on the distributions mostly
discussed in the literature [40].
We consider the same kind of observables as in the previous section, with
the only difference that we replace the distribution in the missing transverse
momentum by the distribution in the maximal transverse momentum of the
reconstructed Z bosons. To be precise we plot distributions in:
PT(Z): maximal transverse momentum of the reconstructed Z bosons,
PmaxT (l): maximal transverse momentum of the charged leptons,
∆y(ZZ): rapidity difference between the two reconstructed Z bosons,
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Figure 6.14: Distribution of the maximal transverse momentum of the re-
constructed Z bosons. We show the e−e+µ−µ+ final state with standard cuts
and Minv(ll¯l
′ l¯′) > 500 GeV and |∆y(ZZ)| < 3.
y(µ−): rapidity of the µ−.
We show results for the specific process PP → e−e+µ−µ+ and only for the
scenario characterized by the requirement
Minv(ll¯l
′l¯′) > 500 GeV, |∆y(ZZ)| < 3. (6.18)
We have checked that the accuracy of the DPA is at the level of a few per cent
for this case if the reconstruction procedure described in section 6.4 is used.
An analogous behaviour holds for the scenario with PT(Z) > 300 GeV for
both reconstructed Z bosons. We have verified that also for these scenarios
the conditions for the validity of the logarithmic high-energy approximation
are well fulfilled.
As one can see in the figures 6.14, 6.15, 6.16, and 6.17, EW corrections
modify the Born result in the same way as for WZ production, but the
effect is typically a factor of 1.5 larger. We note that WZ production at
tree level does not present any true or approximate radiation zero. The
dip in the distribution of the rapidity difference of the two reconstructed Z
bosons results from the fact that the partonic process qq¯ → ZZ, dominated
by the transversely polarized Z bosons, is peaked forward and backward and
is enhanced by the invariant-mass cut in equation (6.18).
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Figure 6.15: Distribution of the maximal transverse momentum of the de-
tected leptons for the e−e+µ−µ+ final state. Standard cuts, Minv(ll¯l′ l¯′) >
500 GeV, and |∆y(ZZ)| < 3 are imposed.
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Figure 6.16: Distribution in the rapidity difference between the two re-
constructed Z bosons for the e−e+µ−µ+ final state with standard cuts
and Minv(ll¯l
′ l¯′) > 500 GeV. Radiative corrections are only included for
|∆y(ZZ)| < 3.
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Figure 6.17: Rapidity distribution of the negatively charged muon in a ZZ
production process. We show the e−e+µ−µ+ final state with standard cuts,
Minv(ll¯l
′l¯′) > 500 GeV, and |∆y(ZZ)| < 3.
pp → lνll′l¯′
M cutinv (ll¯l
′ l¯′) σBorn σAEWS σfinitevirt σEW ∆ 1/
√
2LσBorn
[GeV] [fb] [fb] [fb] [fb] [%] [%]
500 0.692 0.637 0.633 0.588 -15.0 8.5
600 0.356 0.314 0.312 0.291 -18.3 11.9
700 0.203 0.173 0.172 0.160 -21.0 15.7
800 0.123 0.102 0.101 0.094 -23.8 20.1
900 0.078 0.063 0.062 0.058 -26.1 25.3
1000 0.051 0.040 0.040 0.037 -28.1 31.2
Table 6.5: Cross section for PP → e−e+µ−µ+, e−e+e−e+, and µ−µ+µ−µ+ for
various values of M cutinv (ll¯l
′l¯′)
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In table 6.5 we compare the relative correction ∆ to the Born cross sec-
tion with the estimated experimental accuracy for some values of the cut on
the partonic CM energy Minv(ll¯l
′l¯′). To this purpose, we sum over all three
final states e−e+µ−µ+, e−e+e−e+, and µ−µ+µ−µ+. The entries in table 6.5
are defined as in the previous section. One can see that, compared to WZ
production, O(α) corrections manifest the same behaviour on the shown ob-
servables, but they are globally by a factor of about 1.5 larger. At modest ZZ
invariant masses, the effect of the EW corrections can amount to two stan-
dard deviations, while it becomes comparable to the experimental precision
with increasing CM energy. Of course, purely leptonic final states coming
from ZZ production will not be copiously generated at the LHC. A detailed
study of their properties would be possible only during a high-luminosity
run.
6.7.3 WW production
In this section, we discuss the processes PP → lν¯lνl′ l¯′ (l, l′ = e or µ). This
channel contains information on the charged gauge-boson vertices WWZ and
WWγ. While LEP2 could establish the non-abelian nature of the SM by
measuring these couplings, high precision measurements are still missing. At
the LHC, the precision will be sensitively improved, if the large background
from tt¯ production can be properly controlled. The WW channel has in fact
the largest cross section among all vector-boson pair-production processes.
However, owing to the presence of two neutrinos, it does not allow a clean
and unambiguous reconstruction of the two W bosons.
Once again for this channel, following the study of Ref. [8] on the sensitiv-
ity to new physics effects, we choose to discuss distributions for the νee
+µ−νµ
final state in the following variables:
PmaxT (l): maximal transverse momentum of the two charged leptons,
PmissT : missing transverse momentum,
∆y(ll¯′): rapidity difference between the charged leptons,
y(l−): rapidity of the negatively charged lepton.
Despite of the fact that we do not perform a reconstruction of the W bosons
for these processes, the quality of the DPA is better than 10%. Since we
apply the DPA only to the corrections and these are below 25%, at least
where the cross section is appreciable, this introduces an error of only a few
per cent. We consider the scenario
Minv(ll¯′) > 500 GeV, |∆y(ll¯′)| < 3, (6.19)
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Figure 6.18: Missing-transverse-momentum distribution for WW production.
We show the plot for the νee
+µ−ν¯µ final state with standard cuts, Minv(ll¯′) >
500 GeV, and |∆y(ll¯′)| < 3.
which fulfils the conditions for the validity of the logarithmic high-energy ap-
proximation, as we have verified. Possible ZZ intermediate states are heavily
suppressed by the invariant-mass cut in equation (6.19). Therefore, we can
safely neglect contributions of ll¯νl′ ν¯l′ final states with l 6= l′.
In the figures 6.18, 6.19, 6.20, and 6.21 we show the distributions for
the final state νee
+µ−ν¯µ with our standard cuts applied. As in the previous
two cases, O(α) corrections are enhanced at high energy and large scatter-
ing angles. This translates into larger radiative corrections in the tails of
transverse momentum distributions and in the central region of rapidity dis-
tributions. Let us note that also in this case the partonic process at Born
level does not vanish for any scattering angle, independently on the W-boson
polarization. The dip appearing in the distribution of the rapidity difference
between the two charged leptons is this time due to the chosen set of cuts. In
absence of any kinematical cuts, the PP → W+W− process is dominated by
the u-quark contribution, and the rapidity-difference ∆y(ll¯′) for the partonic
process u¯u → 4f is maximal and symmetric around zero. The requirement of
having a large invariant mass of the two charged leptons, forces the two lep-
tons to be produced at large separation angles. This fact depletes the number
of events in the central region of ∆y(ll¯′) and leaves events with larger rapid-
ity difference, coming preferably from initial d quarks. This gives rise to the
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Figure 6.19: Distribution of the maximal transverse momentum of the de-
tected leptons for the νee
+µ−ν¯µ final state. Standard cuts, Minv(ll¯′) >
500 GeV, and |∆y(ll¯′)| < 3 are applied.
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Figure 6.20: Distribution in the rapidity difference between the e+ and the
µ− from the reconstructed W bosons for νee+µ−ν¯µ production with standard
cuts and Minv(ll¯
′) > 500 GeV. Radiative corrections are only included for
|∆y(ll¯′)| < 3.
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Figure 6.21: Rapidity distribution of the negatively charged muon in a
WW production process with νee
+µ−ν¯µ in the final state. Standard cuts,
Minv(ll¯
′) > 500 GeV, and |∆y(ll¯′)| < 3 are applied.
shape of figure 6.20.
The general behaviour of EW corrections does not present novelties com-
pared to the previous cases. The interesting feature of WW processes is the
remarkable statistics of purely leptonic final states. As shown in table 6.6,
where we sum over the four final states e−ν¯eνµµ+, νee+µ−ν¯µ, µ−ν¯µνµµ+, and
e−ν¯eνee+, the estimated experimental precision is around a few per cent at
CM energies below 700 GeV. On the other hand, the deviation from the Born
result given by the O(α) contributions ranges between −14 and −24% in the
same energy domain. At larger invariant masses, the overall cross section
decreases but radiative corrections are still of order 2–3 standard deviations.
Thus, a reliable analysis of these final states requires the inclusion of EW
corrections. Note also that, in contrast to previous processes, O(α) correc-
tions can be relevant even in the low-luminosity run (L = 30 fb−1). They
are about twice the standard deviation for M cutinv (ll¯
′) ≤ 700 GeV, and become
comparable with the experimental accuracy above that threshold.
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PP → lν¯l l¯′νl′
M cutinv (ll¯
′) σBorn σAEWS σfinitevirt σEW ∆ 1/
√
2LσBorn
[GeV] [fb] [fb] [fb] [fb] [%] [%]
500 7.235 6.561 6.682 6.235 -13.8 2.6
600 3.723 3.280 3.350 3.131 -15.9 3.7
700 2.059 1.765 1.808 1.688 -18.1 4.9
800 1.201 1.003 1.031 0.959 -20.2 6.5
900 0.731 0.596 0.613 0.570 -22.0 8.3
1000 0.460 0.366 0.378 0.352 -23.4 10.4
Table 6.6: Cross section for PP → e−ν¯eνµµ+, νee+µ−ν¯µ, µ−ν¯µνµµ+, e−ν¯eνee+
for various values of M cutinv (ll¯
′)
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Chapter 7
Conclusion
At the LHC, gauge-boson production processes will be used to measure the
triple gauge-boson couplings. The relevant processes to investigate are WZ,
ZZ, and WW production, and the physically interesting region is the one of
high di-boson invariant mass.
We have examined these processes by means of a complete four-fermion
calculation, i.e. by taking into account the decays of the gauge bosons, in the
purely leptonic channels. The primary aim of our analysis was to investigate
the influence of electroweak radiative corrections on the di-boson production
processes at the LHC. The one-loop leading-logarithmic corrections to the
full four-fermion processes have been calculated in double-pole approxima-
tion. This includes corrections to the gauge-boson pair-production processes,
corrections to the gauge-boson decays, as well as the non-factorizable correc-
tions. In this study, we have included the full QED radiative corrections in
the logarithmic approximation, which involve also the emission of real pho-
tons and therefore depend on the detector resolution. We have verified that
the double-pole approximation and the high-energy approximation are appli-
cable for the considered phase-space regions of large transverse momentum or
large invariant mass of the gauge-boson pair. Thus, our approach is reliable
in this region.
The corrections have been implemented in a Monte Carlo program, so
that arbitrary cuts and distributions can be studied. The program has been
tested using various methods to check it’s consistency and comparisons with
other independent programs have been accomplished. Further all corrections
have been included in a generic way, so that the implemented formulae do
not depend on the particular process which is calculated. The program also
allows to investigate the numerical effects of anomalous triple and quartic
gauge-boson couplings directly for tree-level amplitudes. Together with the
generic structure we used for the calculation of the matrix elements this
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enables us to investigate every possible 2f → 4f process with less than six
quarks involved.
In order to illustrate the behaviour and the size of O(α) contributions, we
have presented different cross sections and distributions. For WZ-, ZZ-, and
WW-production processes, electroweak corrections turn out to be sizeable
in the high-energy region of the hard process, in particular for large trans-
verse momentum and small rapidity separation of the reconstructed vector
bosons, which is the kinematical range of maximal sensitivity to new-physics
phenomena. EW radiative corrections lower the Born results for WZ, ZZ,
and WW production by 7–20%, 15–25%, and 14–24%, in the region of exper-
imental sensitivity. Their size depends sensibly not only on the CM energy
but also on the applied cuts and varies according to the selected observables
and kinematical regions. Despite of the strong decrease of the cross section
with increasing di-boson invariant mass, radiative effects are appreciable if
compared with the expected experimental precision. This depends of course
on the available luminosity. For WZ and ZZ production, these effects are only
relevant for a high-luminosity run of the LHC. Owing to their larger overall
cross section, WW-production processes can instead show a sensitivity to
radiative effects even at a low-luminosity run.
Appendix A
Feynman Rules
A.1 Coupling constants
The couplings of gauge bosons to scalars are given by
AχH : CAχH = 0
ZχH : CZχH =
−i
2cwsw
Aφ+φ− : CAφ+φ− = −1
Zφ+φ− : CZφ+φ− = −s
2
w − c2w
2cwsw
W±φ∓H : CW±φ∓H = ∓ 1
2sw
W±φ∓χ : CW±φ∓χ = − i
2sw
. (A.1)
The couplings of gauge bosons to the Higgs boson are
HZZ : CHZZ =
MW
swc2w
HW+W− : CHW+W− =
MW
sw
(A.2)
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The renormalization of this coupling constants lead to the counterterm cou-
plings
δCZχH =
(
δe
e
− s
2
w − c2w
cws2w
δcw
)
CZχH
δCZφ+φ− =
(
δe
e
− 1
cws2w(s
2
w − c2w)
δcw
)
CZφ+φ−
δCW±φ∓ =
(
δe
e
+
cw
s2w
δcw
)
CW±φ∓ (A.3)
The totally antisymmetric triple gauge-boson coupling are given by
AW+W− : CAW+W− = 1
ZW+W− : CZW+W− = −cw
sw
(A.4)
and counterterm couplings for the triple gauge-boson vertex are
δCAW+W− =
δe
e
CAW+W−
δCZW+W− =
(
δe
e
+
1
cws2w
δcw
)
CZW+W−. (A.5)
The couplings of gauge bosons to fermions are given by
Af¯f : CAf¯σfσ = −Qfσ
Zf¯f : CZf¯σfσ =
{
I3
fσ
−2swQfσ
swcw
if σ = −
− sw
cw
Qfσ if σ = +
W+f¯ ′f : CW+f¯ ′σfσ =
{ 1√
2sw
Vf ′f if σ = −
0 if σ = +
W−f¯ ′f : CW−f¯ ′σfσ =
{
1√
2sw
V †f ′f if σ = −
0 if σ = +
(A.6)
where I3fσ ∈ {12 ,−12} is the third component of the isospin of the fermion fσ.
Note that the CKM matrix Vf ′f is diagonal in the generations for leptons.
The corresponding counterterm couplings are
δCAf¯σfσ =
δe
e
CAf¯σfσ
δCZf¯σfσ =
{
δe
e
Cf¯σfσZ +
e
swc2w
(
Qfσ + (2I
3
fσ
) c
2
w−s2w
2s2w
)
δcw if σ = −
δe
e
Cf¯σfσZ +
e
swc2w
Qfσδcw if σ = +
δCW±f¯ ′σfσ =
(
δe
e
+
cw
s2w
δcw
)
CW±f¯ ′σfσ (A.7)
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A.2 Constants in LSC corrections
In the leading soft-collinear contributions the constants Cewϕ′ϕ and (I
Z)2ϕ must
be defined for fermions, would-be Goldstone-bosons, and gauge bosons sep-
arately. For fermions fσ one has to constants according to the helicity σ of
the fermion
Cewf ′σfσ = (I
A)2f + (I
Z)2f + (I
W)2f (A.8)
with
(IA)2f = e
2C2Af¯f , (I
Z)2f = e
2C2Zf¯f , (I
W)2f = e
2C2Wf¯f . (A.9)
For gauge bosons we have to use
CewAA = 2, C
ew
ZZ = 2
c2w
s2w
, CewWW =
2
s2w
, CewAZ = C
ew
ZA = −2
cw
sw
(A.10)
and
(IZ)2A = 0, (I
Z)2Z = 0, (I
Z)2W =
c2w
s2w
. (A.11)
For would-be Goldstone-bosons these constants are
Cewχ =
1 + 2c2w
4s2wc
2
w
, Cewφ± =
1 + 2c2w
4s2wc
2
w
, (A.12)
and
(IZ)2χ =
1
4s2wc
2
w
, (IZ)2φ± =
(c2w − s2w)2
4s2wc
2
w
. (A.13)
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Appendix B
Intermediate results for virtual
corrections
B.1 Formulae for gauge-boson decay
For the decay of a gauge boson we have to calculate the radiative corrections
to the Zf f¯ and the W±f f¯ ′ vertex. For the exchange of a photon between two
of the three external lines of such a vertex we find the three contributions
δM1 =
α
4pi
Q1Q2
(
−4p1p2(C0+C1+C2)+(2−D)2C00+(4−2D)p1p2C12
)
,
(B.1)
where the argument of the C functions is given by
C... = C...(−p1, p2, λ,m1, m2), (B.2)
and D denotes the dimension of the space time which is used in dimensional
regularization,
δM2 =
α
4pi
Q1QV
(
4p1p2(C1 + C2 + C12) + (4 − 4D)C00
)
, (B.3)
where the argument of the C functions is
C... = C...(−p1, p2, m1, λ,MW), (B.4)
δM3 =
α
4pi
Q2QV
(
− 4p1p2(C1 + C2 + C12) − (4 − 4D)C00
)
(B.5)
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with the argument of the C function
C... = C...(p1,−p2, m2,MW, λ). (B.6)
In the limit of massless fermions we find
δM1 + δM2 + δM3 =
α
4pi
[
(Q21 +Q
2
2) + 2Q
2
1B0(0, 0, m1) + 2Q
2
2B0(0, 0, m2)
+Q2VB0(0, 0,MV )− 3Q1Q2B0(M2V , m1, m2)
− 2M2V
(
Q1Q2C0(−p1, p2, λ,m1, m2)
−Q1QVC0(−p1, p2, m1, λ,MV )
+Q2QVC0(p1,−p2, m2,MV , λ)
)]
(B.7)
with the C0 functions for massless fermions given by
C0(−p1, p2, λ,m1, m2) = 1
M2V
[
− 2
3
pi2 + 2 log2
MV
λ
− log2 m1
λ
− log2 m2
λ
− 2pii log MV
λ
]
, (B.8)
C0(−p1, p2, m1, λ,MV ) = 1
M2V
[
log2
m1
λ
− log2 MV
λ
]
, (B.9)
C0(p1,−p2, m2,MV , λ) = 1
M2V
[
log2
m2
λ
− log2 MV
λ
]
. (B.10)
The corresponding counterterms are given by the photonic part of the field
renormalization constants
δCWff¯ ′ =
1
2
δZW +
1
2
δZf +
1
2
δZf ′,
δCZff¯ =
1
2
δZZ +
1
2
δZf +
1
2
δZf¯ . (B.11)
B.2 Formulae for non-factorizable corrections
The explicit terms contributing to the non-factorizable corrections are given
in this section. As a general convention the momenta are put onshell every-
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where exept in the terms (k21 −M
2
1) and (k
2
2 −M
2
2).
∆virtmf′ =
∑
i=3,4
[
(−QV2)Qiθd(i)(si5 + si6)(k21 −M
2
1)
×D0(−k2, k1, pi, 0,M2,M1, mi)
]
+
∑
j=5,6
[
(−QV1)Qjθd(j)(s3j + s4j)(k22 −M
2
2)
×D0(−pj,−k2, k1, 0, mj,M2,M1)
]
,
(B.12)
∆virtff′ =
∑
i=3,4
∑
j=5,6
sijQiθd(i)Qjθd(j)(k
2
1 −M
2
1)(k
2
2 −M
2
2)
×E0(−pj,−k2, k1, pi, λ,mj,M 2,M 1, mi), (B.13)
∆virtif = −
∑
l=1,2
[∑
i=3,4
QlQiθd(l)θd(i)tli(k
2
1 −M
2
1)D0(pl, k1, pi, λ,ml,M1, mi)
+
∑
j=5,6
QlQjθd(l)θd(j)tlj(k
2
2 −M
2
2)D0(pl, k2, pj, λ,ml,M2, mj)
]
,
(B.14)
∆virtmm′ = s12QV1QV2
[
C0(k1,−k2, 0,M1,M 2)
− [C0(k1,−k2, λ,M1,M2)]k2
1
=M2
1
,k2
2
=M2
2
]
, (B.15)
∆virtim = −
∑
l=1,2
∑
n=1,2
t¯lnQlθd(l)QVn
×
[
C0(pl, kn, 0, ml,Mn)− [C0(pl, kn, λ,ml,Mn)]k2n=M2n
]
, (B.16)
∆virtmf =
[
−M21
∑
i=3,4
QV1Qiθd(i)
×
[
C0(k1, pi, 0,M1, mi)− [C0(k1, pi, λ,M1, mi)]k2
1
=M2
1
]
−M22
∑
j=5,6
QV2Qjθd(j)
×
[
C0(k2, pj, 0,M2, mj)− [C0(k2, pj, λ,M2, mj)]k2
2
=M2
2
]]
, (B.17)
∆virtmm = 2
∑
n=1,2
Q2VnM
2
n
[
B0(k
2
n, 0,Mn)− B0(M
2
n, 0,Mn)
k2n −M
2
n
−B′0(M2n, λ,Mn)
]
,
(B.18)
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with the invariants defined as t¯ij = (pi − kj)2, tij = (pi − pj)2 and sij =
(pi + pj)
2. In the high-energy limit this simplifies to
∆virtmf′ = −
∑
i=3,4
QV2Qiθd(i)
[
− Li2
(
1− s
s′i
)
+
1
2
log2
M
2
1 − k21
M
2
2 − k22
−1
2
log2
−s
M1M2
+ log2
−s′i
M1M2
− 2 log mi
M1
log
−s′i
M1M2
+ log
M
2
1 − k21
M
2
2 − k22
(
log
−s′i
M1M2
+ log
s′i
s
− 2 log mi
M1
)]
−
∑
j=5,6
QV1Qjθd(j)
[
− Li2
(
1− s
s′j
)
+
1
2
log2
M
2
2 − k22
M
2
1 − k21
−1
2
log2
−s
M1M2
+ log2
−s′j
M1M2
− 2 log mj
M2
log
−s′j
M1M2
+ log
M
2
2 − k22
M
2
1 − k21
(
log
−s′j
M1M2
+ log
s′j
s
− 2 log mj
M2
)]
, (B.19)
∆virtff′ =
1
2
∑
i=3,4
∑
j=5,6
Qiθd(i)Qjθd(j)
×
[
−Ds,he0 (0)−Ds,he0 (1)−Ds,he0 (4) +Ds,he0 (2) +Ds,he0 (3)
]
, (B.20)
∆virtif = −
∑
l=1,2
[∑
i=3,4
Qlθd(l)Qiθd(i)
[
2 log
mlmi
−tli log
λM1
M
2
1 − k21
− log2 mlM1−t¯l1 − log
2 mi
M1
− Li2(1− t¯l1
tli
)
]
+
∑
j=5,6
Qlθd(l)Qjθd(j)
[
2 log
mlmj
−tlj log
λM2
M
2
2 − k22
− log2 mlM2−t¯l2 − log
2 mj
M2
− Li2(1− t¯l2
tlj
)
]]
, (B.21)
∆virtmm′ = QV1QV2
[
− 1
2
log2
M
2
1 − k21
M
2
2 − k22
+
1
2
log2
s
M1M2
+ log
M21
s
log
M
2
1 − k21
λM1
+ log
M22
s
log
M
2
2 − k22
λM2
+
1
4
log2
s
M21
+
1
4
log2
s
M22
]
,
(B.22)
∆virtim = −
∑
l=1,2
∑
n=1,2
Qlθd(l)QVn
log
mlMn
−t¯ln
[
log
M
2
n − k2n
−t¯ln + log
M
2
n − k2n
λ2
+ log
ml
Mn
]
, (B.23)
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∆virtmf =
∑
i=3,4
QV1Qiθd(i) log
mi
M1
[
log
mi
M1
+ 2 log
M
2
1 − k21
λM1
]
+
∑
j=5,6
QV2Qjθd(j) log
mj
M2
[
log
mj
M2
+ 2 log
M
2
2 − k22
λM2
]
,
(B.24)
∆virtmm = 2
∑
n=1,2
Q2Vn log
λMn
k2n −M
2
n
(B.25)
with the additional invariants s = (p1 + p2)
2 = (k1 + k2)
2, s′i = (pi + k2)
2,
and s′j = (pj + k1)
2. In the Ds,he0 integrals the propagator factor has been
cancelled which yields the expressions
Ds,he0 (0) = Li2
(
−M1M2
sˆ2i
+ iε,−x1
)
+ Li2
(
−M1M2
sˆ1j
+ iε,− 1
x2
)
−Li2
(
−M1M2
s¯
+ iε,−x1
)
− Li2
(
−M1M2
s¯
+ iε,− 1
x2
)
−
[
log
sˆ2i + iε
sij + iε
+ log
sˆ1j + iε
s¯+ iε
]
[log(−x1)− log(−x2)] , (B.26)
Ds,he0 (1) = log
2 s
′
i
M2V1
− 1
2
log2
s′i
M2V1
− log s
′
i
M2V1
log
m2i
M2V1
+
1
2
log2
k21 −M
2
1
k22 −M
2
2
+ log
k21 −M
2
1
k22 −M
2
2
(
log
s′i
m2i
− ipi2
)
+ log
k21 −M
2
1
k22 −M
2
2
log
s′i
s
− 1
2
pi2,
(B.27)
Ds,he0 (4) = log
2
s′j
M2V2
− 1
2
log2
s′j
M2V2
− log s
′
j
M2V2
log
m2j
M2V2
+
1
2
log2
k22 −M
2
2
k21 −M
2
1
+ log
k22 −M
2
2
k21 −M
2
1
(
log
s′j
m2j
− ipi2
)
+ log
k22 −M
2
2
k21 −M
2
1
log
s′j
s
− 1
2
pi2,
(B.28)
Ds,he0 (2) = 2
(
log
sij
mimj
− ipi
)
log
k21 −M
2
1
MV1λ
− 1
4
log2
m2i
M2V1
− log2 s
2
j
mjMV1
+ pi2, (B.29)
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and
Ds,he0 (3) = 2
(
log
sij
mimj
− ipi
)
log
k22 −M
2
2
MV2λ
− 1
4
log2
m2j
M2V2
− log2 s
2
i
miMV2
+ pi2.
(B.30)
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